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Abstract: If the Higgs boson is composite, signs of this compositeness should appear via a 
formfactor-like suppression of Higgs scattering cross sections at momentum transfers above 
the compositeness scale. We explore this by computing the cross section for e + e~ — > ZH 
(Higgsstrahlung) in a warped five-dimensional gauge-Higgs unification model known as 
the Minimal Composite Higgs Model (MCHM). We observe that the Higgsstrahlung cross 
section in the MCHM is strongly suppressed compared to that in the Standard Model 
at center-of-mass energies above the scale of the first Kaluza-Klein excitations, due to 
cancellations among the contributions of successive Z boson Kaluza-Klein modes. We also 
show that the magnitude and sign of the coupling of the first Kaluza-Klein mode can be 
measured at a future electron-positron collider such as the proposed International Linear 
Collider or Compact Linear Collider. 
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1 Introduction 



Over the past several decades, the Standard Model (SM) has provided a consistent and 
elegant description of particle physics and has withstood many experimental tests. In the 
SM, the quarks, charged leptons, and weak gauge bosons acquire masses through their 
interactions with a single elementary scalar field called the Higgs field. The Higgs field is 
an isospin doublet with nonzero hypercharge, which initiates spontaneous breaking of the 
electroweak symmetry, SU(2) l x U(l)y — > \J(1)em, due to its non-zero vacuum expectation 
value (vev). The physical SM Higgs boson is constrained to be heavier than 114.4 GeV by 
direct experimental searches at the CERN Large Electron- Positron Collider (LEP) [1]. A 
SM Higgs has further been constrained to be lighter than about 152 GeV from electroweak 
precision constraints (EWPCs) [2], and has very recently been excluded for masses in the 
ranges 110-122 GeV and 127-600 GeV by direct searches at the CERN Large Hadron 
Collider (LHC) [3]. These searches have now revealed a new particle with mass around 
126 GeV and properties consistent with the SM Higgs boson [3]. 

Despite its simplicity and consistency with experiment, the SM Higgs mechanism has 
a number of deficiencies. The most important of these is the hierarchy problem: radiative 
corrections to the Higgs mass-squared parameter yield additive contributions proportional 
to the square of the cutoff scale of the SM. For a cutoff at the Planck scale Mp ~ 10 18 GeV, 
this requires a cancellation against the high-scale Higgs mass-squared parameter fine-tuned 
to better than a part in 10 30 in order to yield the low-scale Higgs mass-squared parameter of 
order Mg W ~ (100 GeV) 2 . This has prompted the development of many extended models 
of electroweak symmetry breaking (EWSB) that address the hierarchy problem, including 
supersymmetry [4-9], little Higgs models [10-13], composite Higgs models [14-17], and 
technicolor [18-23]. 

One such solution to the hierarchy problem is provided by models with a warped extra 
spatial dimension, based on ideas first proposed by Randall and Sundrum in 1999 [24]. 
These models are constructed in a five-dimensional (5D) anti-de Sitter (AdS) spacetime 
bounded by two four-dimensional (4D) Minkowski boundaries. From a 4D perspective, 
each 5D particle corresponds to a tower of Kaluza-Klein (KK) "particle-in-a-box" excita- 
tions. If a 5D field is subject to appropriate boundary conditions at both boundaries, the 
corresponding KK tower will contain a zero mode that can be identified as a SM particle. 
The warping in the fifth dimension can be chosen such that a high energy cutoff A ~ Mp 
on one boundary (the UV or Planck brane) is redshifted down to an exponentially lower 
energy scale on the other boundary (the IR or TeV brane). Localizing the Higgs boson 
on [24] or near [25-27] the TeV boundary thereby provides a solution to the hierarchy 
problem by cutting off the quadratically-divergent contributions to the Higgs mass near 
the TeV scale. 

These warped extra-dimensional models have a dual interpretation, via the AdS/CFT 
correspondence [28], as 4D conformal field theories (CFTs). In this dual description, states 
localized near the Planck brane correspond to fundamental degrees of freedom in the CFT, 
while states localized near the TeV brane (including the Higgs and the KK particles) 
correspond to bound states of the CFT. This duality allows calculations in a weakly- 
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coupled 5D theory to be used to model the spectrum and interactions of a strongly-coupled 
conformal theory of a composite Higgs. Composite Higgs theories solve the hierarchy 
problem because the Higgs is not a fundamental scalar and instead appears as a bound state 
only below the compositeness scale, which cuts off quadratically-divergent contributions to 
its mass. 

This leads us to ask the question: can one make a direct experimental probe of the 
compositeness of the Higgs boson? Compositeness has historically been demonstrated by 
the appearance of non-pointlike behavior when the composite object is probed at a length 
scale comparable to the size of the object — i.e., the pointlike interaction is replaced by a 
form factor that encodes the suppression of the pointlike scattering cross section above the 
compositeness energy scale. In this paper we explore this question for a composite Higgs 
boson by studying a process that effectively hits the Higgs with a short- wavelength probe. 
The simplest such process is Higgsstrahlung, // — > ZH, in which the short-wavelength 
probe is the off-shell s-channel Z boson. 1 For simplicity we take the initial state to be 
e + e~; the underlying physics is largely unchanged for a light qq initial state. 

In this paper we compute the Higgsstrahlung cross section in the warped 5D Minimal 
Composite Higgs Model (MCHM), which was proposed by Agashe, Contino and Pomarol 
in 2005 [29]. The MCHM has an SO(5) x \J(1) B -L gauge symmetry in the 5D bulk, which 
is broken at the boundaries by boundary conditions. This large gauge group allows the 
preservation of an SU(2)i x SU(2)# « SO(4) custodial symmetry which prevents large 
corrections to electroweak precision observables [30]. The Higgs doublet arises as the zero 
mode of the fifth component of the SO(5)/SO(4) coset gauge fields (referred to as gauge- 
Higgs unification [31]). The Higgs has no potential at tree level; instead an appropriate 
potential is generated at one loop via the Coleman- Weinberg mechanism [32] yielding 
a Higgs mass in the range 114-160 GeV [33]. Crucially, the radiatively-induced Higgs 
potential is finite and calculable [33, 34] — i.e., quadratic divergences are absent and the 
hierarchy problem is thus solved. This is accomplished because the one-loop integrals 
that contribute to the Higgs potential are exponentially suppressed at momenta above the 
KK scale due to the warped 5D propagators; in the dual theory this is interpreted as 
a consequence of the compositeness of the Higgs. We will show that the formfactor-like 
suppression of the e + e~ — > ZH cross section arises in a similar, but not identical, way. 
For concreteness we will adopt the fermion embedding of Medina, Shah and Wagner [33] , 
which is consistent with electroweak precision tests [33, 35]. Further constraints on the 
model parameters have been studied in Refs. [36-39]. 

The paper is organized as follows. In Sec. 2 we review the MCHM with the Medina- 
Shah- Wagner fermion embedding. In Sec. 3 we compute the Higgsstrahlung cross section 
and illustrate the formfactor-like suppression at high center-of-mass energies. In Sec. 4 we 
study the prospects at future linear colliders for measuring the couplings of the first and 
second KK excitations of the Z boson that are responsible for this suppression. Section 5 
contains our conclusions. Some technical details are collected in the appendices. 

1 In the model we study, s-channel exchange of the KK excitations of the Z boson plays a critical role in 
the formfactor-like behavior. 
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2 The Minimal Composite Higgs Model 



2.1 Metric and gauge structure 

The Minimal Composite Higgs model is defined in a 5D AdS spacetime with metric [29, 40], 

ds 2 = [vn» dx» dx u - (dz) 2 ] = g MN dx M dx N , (2.1) 

(kz) 

where M, N = 0...3, 5 are Lorentz indices in the full 5D space, k is the curvature of the fifth 
dimension, and z = x 5 is the warped-space coordinate of the fifth dimension. The warped- 
space coordiate z can be re-expressed in terms of a flat-space coordinate y according to 
z = e ky /k. The fifth dimension is bounded by two branes so that Lq < z < L\, with 
Lq = 1/k ~ 0(1/ Mp) and L\ = 1/Mkk ~ 1/TeV (to set the scale, the first gauge boson 
KK modes will appear at about 2.5 Mkk, and subsequent modes will be separated by 
about 3.1 Mkk)- The warp factor embedded in the 5D metric causes the energy scale to 
decrease along the fifth dimension such that if the boundary at Lq (known as the UV or 
Planck boundary) has energies up to the Planck scale Mp, the one at L\ (known as the 
Weak, TeV, or IR boundary) will have energies only up to the TeV scale, thereby solving 
the hierarchy problem. The Higgs boson will be localized near the TeV boundary, so that 
any large contribution to the Higgs mass parameter will be "warped down" to the weak 
scale. 

The fifth dimension is orbifolded by imposing an S 1 /Z% symmetry, where S 1 is a circle 
parametrized by the flat-space coordinate y and Z2 is the transformation y — > —y. The Z2 
symmetry allows for the 5D fermion fields — which are inherently non-chiral Dirac spinors — 
to transform as *S>(—y) = = F7s x I'(y), allowing the identification of right- and left-handed 
Weyl spinors, ^l,r = ±^5^l,r, with opposite boundary conditions. The periodicity of the 
S 1 will allow the 5D fields to be expressed as a superposition of 4D KK modes with a 
profile describing their location along the fifth dimension. 

The bulk of the 5D space contains an SU(3) C x SO(5) x U(1)b-L g au ge symmetry 
and a collection of fermion fields (we will discuss the fermion sector in Sec. 2.2). We will 
denote the bosons corresponding to the \J(1)b-L and SO(5) gauge groups by Um and A a M , 
respectively (recall that M is the 5D Lorentz index) . The electroweak and fermionic sectors 
of the model are described by the bulk Lagrangian [29, 40, 41], 



C = -^g MN g RS {F a MR F a NS + U MR U NS ) + L GF 



4 



(2.2) 



where g = (kz) 10 is the determinant of the metric gMN, &a = ^ z ^a 1S ^ ne vielbein, 
and the five-dimensional Dirac matrices are T M = {7^,— ^7 5 }- C-gf is the gauge-fixing 
term [41, 42], 



2ekz 



of.v;, -<u), ( \a\ 



(2.3) 
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with gauge-fixing parameter e, and the gauge field strength tensors are defined as 



f mn = 9m A% - &NA a M + g 5 A MN , 

U M n = d M U N - d N U M , (2.4) 

where A a MN is defined as the coefficient of the appropriate piece of the matrix A a MN T a = 
—i [T b , T c ]A b M A c N . The generators T a of S0(5) are collected in Appendix A for convenience. 
The 5D gauge coupling for S0(5) is given in terms of the usual 4D SU(2)l gauge coupling 
as 

95 = g^HkL^/k. (2.5) 
Finally, the covariant derivative acting on the fermions is 

T>m = 9m + \umab [r A , T B ] - ig 5 A M - ic^Qb-lUm, (2.6) 

o 

where ojmab is the spin connection (this term cancels in a diagonal metric such as we use 
here), Am = T a A M , Qb-l is the B — L (baryon number minus lepton number) charge of 
the fermion in question, and g§ is the 5D U(1)_b_£ coupling, which we will fix in terms of 
tanOw below Eq. (2.16). 

The first line of Eq. (2.2) can be expanded by expressing the five-component gauge 
bosons A M , Um in terms of a (5D) four-component vector gauge boson A a ^, and a 
(5D) scalar fifth component Af, 17$. These 5D vector and scalar fields — as well as the 
chiral fermion fields *&l,r — can be further decomposed into a tower of 4D Kaluza-Klein 
fields [41, 43, 44], 

oo 

A(x», z) = f( m n, z) A(m n , X"). (2.7) 
n=0,l 

Here A(x^, z) represents any 5D field; the sum starts at n = if the boundary conditions 
of the field are such that it has a zero mode, and at n = 1 otherwise. The periodicity of the 
fifth dimension allows this field to be decomposed into a tower of 4D fields (KK modes) 
A(m n ,x M ) = A^ n \x) with masses m n , each of which has a fixed profile f(m n , z) = f( n '(z) in 
the fifth dimension. The profiles and masses are determined as usual in quantum mechanics 
via separation of variables, by solving the equation of motion in the fifth dimension and 
applying the appropriate boundary conditions. 

The profiles of the 4D gauge bosons (and their KK modes) satisfy the gauge boson 
equation of motion which can be derived from the first line of Eq. (2.2), 



P 2 - l -d z + dl 



fa(p,z) = 0, (2. 



where p = \fj? will be equal to the KK mode mass m n [40, 41, 43]. The gauge boson 
profiles will be normalized according to [40] 



Ll dz 

„ kz 



f { G ] {z)f { G\z)= <W (2.9) 
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It is convenient to define even and odd solutions C A (m n , z) and S A (m n , z) with Neu- 
mann and Dirichlet boundary conditions, respectively, on the Planck brane: 

d z C A {m n ,z)\ z=Lo =0 (Neumann), S A (m n , z)\ z=Lq = (Dirichlet). (2.10) 

The solutions are conventionally normalized so that 

C A {m n ,z)\ z=Lo = 1, d z S A (m n ,z)\ z=Lo = m n . (2.11) 

These solutions are given explicitly by [33, 34, 45], 

7T 777 

C A (m n ,z) = ~y^z [J 1 (m n z)Y (m n L )- Jo(m n LQ)Yi(m n z)], (2.12) 

7T 771, 

S A (m n ,z) = [Ji(m n L )Yi(m n z) - J 1 (m n z)Yi(m n L )] , (2.13) 

where J n (x) and Y n {x) are the nth-order Bessel functions of the first and second kind (some 
useful identities involving these functions are collected in Appendix B). The KK mode mass 
eigenvalues m n are then determined by imposing the appropriate boundary conditions at 
the TeV brane. 

Note in particular that the gauge boson zero mode profile can be determined by solving 
Eq. (2.8) directly with p = m n = 0, yielding a constant profile independent of z. Imposing 
the normalization condition gives, 



This solution is consistent only with Neumann boundary conditions on both the Planck and 
TeV boundaries. Therefore, gauge bosons with a Dirichlet boundary condition at either or 
both of the boundaries will not have a gauge boson zero mode. 

The bulk gauge symmetry is broken to different subgroups on the Planck and TeV 
branes. This is achieved by applying appropriate boundary conditions to the four-component 
gauge fields A^. A Neumann boundary condition for the four-component gauge field pre- 
serves the gauge symmetry on the brane, while a Dirichlet boundary condition breaks 
it [29, 40]. The corresponding scalar fifth components automatically obtain opposite bound- 
ary conditions to the corresponding vector gauge field [29, 42]. 

In the MCHM we break the bulk SO(5) x V(1)b-l gauge symmetry down to the SM 
SU(2) l x U(l)y on the Planck brane, and to the larger group SO(4) x U(l) b-l on the TeV 
brane [29, 42]. The SO(4) group preserved on the TeV brain consists of SU(2)^ x SU(2)^. 
The SM hypercharge interaction U(l)y is a linear combination of \](1)b-l and the third 
generator of SU(2)^, Y = Qb~l + T ?JR . There are ten SO(5) gauge bosons A a M ; we will 
denote the six corresponding to the SU(2)^ x SU(2)# symmetry with the index a = a^R = 
~Ll,r,2l,r,3l,r, and the four corresponding to the remaining (broken) SO(5)/SO(4) coset 
with the index a = a = 1,2,3,4. As the A^ L bosons will correspond to the usual SM 
SU(2)x, bosons, we will rename the A°^' R bosons using the more familiar notation W^, L:R . 

To preserve an unbroken SU(2)^ x SU(2)# x \](1)b-l symmetry on the TeV boundary, 
the W^ L ' R and bosons must have Neumann boundary conditions at z = L\, while the 
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A® bosons must have Dirichlet boundary conditions. Similarly, at the Planck boundary the 
W^ L must have Neumann boundary conditions to preserve the SU(2)x gauge symmetry. 
However, to preserve the SM hypercharge U(l)y, we must apply the Neumann boundary 
condition to the linear combination of and W^ R that corresponds to the SM hypercharge 
boson B^. The orthogonal linear combination, Xu, will have a Dirichlet boundary condition 
at the Planck boundary, but a Neumann boundary condition at the TeV boundary (since 
it is part of SO(4) x U(1)b_l). We define a rotation 

W* R = cosOhB^ - sinfltfX^, (2.15) 
= sin H Bn + cos 9 H X^ (2.16) 

where the mixing angle 9h is defined by 

and is related to the Weinberg angle through cos Oh = tanOw- 2 The remaining gauge 
bosons, Aj/ 1 , A 2r and A", must have Dirichlet boundary conditions at the Planck boundary. 

By performing the usual SM gauge field rotations (we denote the photon by to 
avoid confusion with our notation for the generic SO(5) vector gauge bosons A^), 



= cos 6 W Wl - sin 6 W = sin 6 W + cos 6 W B^ (2.18) 

as well as the analogous rotations to the charge basis 

= ^= [Wl* =F • W^) , aJ = -L (a* T * Aj) , (2.19) 

we obtain the MCHM spectrum of physical gauge states. 

From the 4D perspective, then, the MCHM contains a tower of KK modes with a 
zero mode — due to the Neumann-Neumann boundary conditions — for each of the SM elec- 
troweak gauge bosons: Wjr , Z^, and the photon V^. It also contains seven extra gauge 
KK towers without zero modes: , X^, A^, A^ and A*. 

Each of these towers of vector bosons has an accompanying tower of scalars arising from 
the corresponding A§. Almost all of these scalars can be eliminated by performing a 5D 
gauge transformation; they are thus Goldstone bosons which are eaten by the corresponding 
massive 4D gauge KK mode to become its third polarization degree of freedom. The 
exception is the zero-mode scalars, which cannot be gauged away. The boundary conditions 
for the fifth component of the gauge field are opposite those of the four vector components; 
thus only the A| scalar KK towers have zero modes. These four massless scalars transform 
as a 4 of SO(4) and are identified with the Higgs doublet. As in the SM, three of these 



2 This relation is determined by requiring that the coupling of the photon to two At, scalars (which will 
be the physical Higgs boson) is zero. In this case the coupling of the photon to two Z M or two X M bosons 
is also zero, as it should be. 
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Boundary condition 




Planck brane 


TeV brane 


Particles 


Neumann 


Neumann 


^ Vi» H * 


Dirichlet 


Neumann 


Wru> X » 


Dirichlet 


Dirichlet 


A ± A 3 A 4 



Table 1. Boundary conditions for the gauge bosons of the MCHM. (We denote the photon by V^.) 

scalars will be eaten by the zero modes of the and towers after EWSB. Only one 
physical scalar boson is left in the spectrum; it becomes the Higgs boson. We will choose 
the Higgs to be H^x^^z) = Af. 3 This mechanism, by which the Higgs arises naturally 
out of the gauge structure of the model, is known as gauge-Higgs unification. In unitary 
gauge we are then left with the spectrum of gauge bosons and the single scalar Higgs boson 
outlined in Table 1. 

The profile of the Higgs in the fifth dimension is fixed by the requirement that zero- 
mode particles be massless before EWSB. This leads to a Higgs profile linear in z [29], 

I Oh 

fH{z) = z vq^q> (2 - 20) 

where H^{x^,z) = fjj(z)H(x^). Note that although this profile is linear in the warped 
coordinate z, in terms of the flat-space coordinate y the profile is exponentially peaked 
toward the TeV brane. 

2.2 Fermion sector 

To incorporate fermions into the 5D model, they must be embedded in an appropriate 
representation of SO(5) x \J(1)b-l- The choice of embedding strongly affects the TeV- 
scale physics [35-37], though it will have little direct effect on our ultimate conclusions. 
We adopt the Medina-Shah- Wagner (MSW) embedding [33], which has been shown to 
satisfy electroweak precision constraints (EWPCs) [33, 36]. 4 In the MSW embedding, each 
generation of quarks is embedded into two 5's and one 10 of SO(5) as follows. The left- 
handed quark doublet and the right-handed up-type quark singlet are each embedded in 
a different 5 2 /3 representation, while the down- type quark singlet is embedded in a 10 2 /3 
representation (here the 2/3 subscript denotes the \J(1)b-l charge). The quark fields of 
generation i can be written explicitly in terms of their SU(2)^ x SU(2)# transformation 

3 Here the 5 subscript on H5 indicates that this is the 5D Higgs field. 

4 Other common fermion embeddings are the Hosotani-Oda-Ohnuma-Sakamura (HOOS) embedding [46, 
47], and the original MCHM spinorial embedding known as MCHM4 [29]. In the former, however, the 
ZZH coupling, which is key to our calculation, does not exist, and the latter is difficult to reconcile with 
EWPCs [35, 36]. 
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properties as, 



en 

$2 r 




*U- +)§ *L(+,+)§ 
xL(-,+)| 4 fl (-,+)| 



(+,+); 



rpli 

i 3j i 



(",+){ 



V-B^(+,+). 



+)§ +V 

^(-'+)| & 3 ii (-,+)-i 



(2.21) 



where t denotes an SU(2)i x SU(2)# singlet, T\ and Ti transform as (3, 1) and (1,3) of 
SU(2) L x SU(2) fl) and Q denotes a bidoublet of SU(2) L x SXJ(2) R (where SU(2) L acts 
vertically and SU(2)^j acts horizontally) [33, 38]. The final subscripts on each field on the 
right-hand side denote the electromagnetic charges. The plus and minus signs in paren- 
theses denote even and odd boundary conditions, respectively; the first entry corresponds 
to the Planck brane boundary condition, while the second corresponds to the TeV brane 
boundary condition. For fermions, an odd boundary condition is the usual Dirichlet condi- 
tion, but an even boundary condition is a superposition of Dirichlet and Neumann boundary 
conditions. The four quarks of each generation with even boundary conditions (+, +) on 
both boundaries correspond to SM particles. In particular, t\ and b\ L together correspond 
to the left-handed SM doublet of generation i. Similarly, i\ and B'£ correspond to the 
right-handed up- and down- type quark singlets. 5 

The lepton embedding takes a similar form. The left-handed lepton doublet and right- 
handed neutrino of each generation are embedded in 5o representations, while the right- 
handed charged leptons are embedded in 10q representations [39], 



£t = Qu © h\ 



+)i <(+,+ 
-,+)o £\ r ,(+,+)-! 



Qi R © ™2 R : 
lft©Tft©Q^ 

V L 3 fl (-,+)-l 



,(- +)o 4 B (- 





4 R (- +)i 4 H (-+)o 

(~ +)o 4 B (-.+)-! 



(2.22) 



Note that 5D fermion fields are inherently non-chiral Dirac spinors. Chiral 4D spinors can be ob- 
tained from these 5D Dirac fermions because of the Z2 orbifold symmetry that is imposed on the fifth 
dimension [44], allowing the identification of right- and left-handed chiral states, SI>l,r = T7s^i,-R- The 
boundary conditions given in Eq. (2.21) above are applied to the specified chiral state; the opposite chiral 
state automatically receives opposite boundary conditions. 
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where n denotes an SU(2)^ x SU(2)# singlet, while T{ and Qi transform as before. Similarly 
to the quark case, £\ L , n\ L (L'^ R , ^-Ijj) are the left-handed (right-handed) SM lepton and 
its associated neutrino of generation i. 6 

The fermion dynamics (before EWSB) are described by the second line of Eq. (2.2), 
which can be reduced to 



1 



(kzy 



1 

kz 



(2.23) 



Making use of 75 ^l,r = T^l,r for the chiral components of Vl/ = ^ l + ^R, it can be 
shown from Eq. (2.23) that the chiral components are related through 



!2-c) 

2 + c) 



$>L = -m n ^ R , 



(2.24) 
(2.25) 



where we have defined c = M^/k. Combining these, we obtain an equation that must be 
satisfied by the fifth-dimensional profiles of the fermion KK modes, 



8 



i(2±c) 



d 7 



(2.26) 



The parameter c determines the location of the fermion along the fifth dimension. Note 
that there are three c values (c\, c|, c|) for each generation of quarks and leptons, one 
for each multiplet £f, £3- K is convenient to define the following solution [33, 38] to 
Eq. (2.26): 



S c (m n , z) 



Tim n 
2k 



(kz)* J ±c+ i(m n L )Y ±c+ i 



m n z) 



J±c+\i m nz)Y ±c+1 _ 



(m n L ) 



(2.27) 

Up to a normalization constant, S^~(m n ,z) (S~ (m n , z)) is the profile of a left-handed 
(right-handed) fermion with a Dirichlet boundary condition on the Planck brane. Its 
chiral partner has an even boundary condition on the Planck brane (for fermions, this is a 
mixture of Dirichlet and Neumann boundary conditions), with profiles given by [33, 38, 40] 



Sf(m n ,z) = =F 



1 



d z 



i(2Tc) 



Sf(m n , z). 



(2.28) 



Again, the fermion mass eigenvalues m n are determined by imposing the TeV boundary 
condition upon the profiles above. The fermion profiles are normalized according to [40], 



^ dz ff\z) f ( p\z) 



Oo kz (kz) 3 / 2 (kz) 3 / 2 
where we have grouped the metric factors kz for later convenience. 



(2.29) 



6 The right-handed neutrinos were used to construct a realistic neutrino mass model in Ref. [39] 
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The fermion zero-mode profile is found by solving Eqs. (2.24-2.25) with m n = and 
imposing the normalization condition, yielding 

/{° ) W = ^|^^(M 2 - C fore/ 1/2, 

f^\z) = ^fkMkLi){kzf' 2 for c = 1/2, (2.30) 

and equivalent expressions with c — > —c for f^- Note in particular that the shape of 
the zero-mode fermion profile depends significantly on the parameter c. For a left-handed 
fermion, c = 1/2 yields a "flat" fermion profile — that is, flat when written in terms of 
the flat-space coordinate y [this can also be seen after the metric factors are taken into 
account — compare Eq. (2.29)]. Similarly, for a left-handed fermion with c > 1/2 (c < 1/2), 
the fermion's profile is peaked toward the Planck (TeV) brane. Zero-mode fermion masses 
will be generated through their couplings to the Higgs after EWSB, which depend on the 
overlap between the fermion profiles and the Higgs profile; as such, light fermions require 
c > 1/2, while the heavier top and bottom quarks are assigned c < 1/2.' 

Although the MCHM contains many more fermion fields than the Standard Model, 
only the SM fermions have zero modes. As in the gauge sector, the new degrees of free- 
dom appear only as KK modes. Their main impact on our calculation is through their 
contributions to the KK gauge boson decay widths. 

2.3 Mixing effects from electroweak symmetry breaking 

Before EWSB, all the zero modes (including the Higgs itself) are massless. The Higgs ac- 
quires a Coleman- Weinberg potential at one loop which triggers EWSB. As well as giving 
masses to the zero-mode fermions and weak gauge bosons, the Higgs vev induces mixing 
among the gauge boson and fermion states, leading to mass eigenstates that are superpo- 
sitions of particles with different gauge transformation identities. These EWSB-induced 
mixing effects are small, being generically suppressed by 0(v 2 /M^ K ), where v ~ 246 GeV 

7 Fermions are also subject to an SU(2)_l x SU(2)_r x U(1)b-l invariant boundary mass Lagrangian on 
the TeV brane, which marries the SU(2)l x SU(2)_r bidoublets and singlets via Dirac boundary mass terms 
and thereby introduces mixing among fermion states of the same electric charge [29] . The quark boundary 
mass Lagrangian takes the form, 

Abound. = -2<5(z - Li) [u L M qi u R + Q lL M q2 Q 3R + h.c] , (2.31) 

where M qi 2 are dimensionless matrices of Dirac mass terms [39]. The lepton mass Lagrangian is analogous. 
As shown by Ref. [33], such a boundary term involving mass parameter M and two fields and ^ 2 R with 
profiles <?l(z) and hn(z), respectively, will lead (via the equations of motion) to the boundary conditions 

limgfl(Li-e) = -Mhn(Li), 

£->0 

limfti(Li -e) = Mg L {Ln). (2.32) 

e— >0 

One may also introduce terms for both quarks and leptons that mix Qi L and Q2 R , as well as Majorana 
mass terms for the right-handed neutrino [33, 38, 39]. For simplicity, we will set all of these boundary mass 
terms to zero. For our purposes, the Majorana mass effects are only relevant to the KK gauge boson decay 
widths; we will discuss the resulting model dependence in Sec. 3.3. 
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Z X A 3 



Figure 1. A sketch of the KK mode spectrum for the neutral Z, X and A 3 bosons before (solid 
lines) and after (dotted lines) EWSB. The masses of the X bosons are not shifted by EWSB. 
Numbers for a particular parameter set are given in Table 4. Not to scale. 



is the Higgs vev. They will have only a very small effect on the couplings relevant to the 
process e + e~ — > ZH; however, the mixing does have a significant effect on the widths of 
the higher Z boson KK modes because it opens new decay channels that were previously 
forbidden due to the absence of the relevant couplings. 

EWSB induces mixing among the three neutral gauge bosons Z, X, and A 3 , and 
between the three charged gauge bosons W ±L , W ±R , and A^ . The photon and the neutral 
4D gauge partner A^ of the 5D Higgs do not participate in the mixing. This mixing shifts 
the masses of Z, A 3 , W ±L , and A^ 1 , while leaving the masses of X and W ±R unaffected. 
This is sketched for the neutral gauge sector in Fig. 1. Similarly, EWSB induces mixing 
among the fermions with a common electric charge. 

The mixing is implemented as follows. Because the Higgs in the MCHM arises from 
the 5D gauge sector, the mixed gauge boson profiles f a (m,z;v) for arbitrary Higgs vev v 
can be related to the pre-EWSB profiles / Q (m, z; 0) via a 5D gauge transformation [33, 34], 



f a (m, z; v) T a = n~\z, v) f a (m, z; 0) T a Q(z, v) 



(2.33) 



where a = aL,R,a is the gauge index, T a is the corresponding generator, and the gauge 
transformation is 



Q(z, v) = exp 



-i;j 5 v I dz f H {z) 



exp 



i\f26 G (z,v)T A 



(2.34) 



Here fniz') is the 5D Higgs profile from Eq. (2.20). The function 9q{z,v) is obtained by 



integrating, yielding 

9 G (z,v)=g 5 vJ t2 - o ^ u/ . (2.35) 




This gauge transformation "turns on" a non-zero vev v for the Higgs. This can be seen by 
applying the gauge transformation Eq. (2.34) to the Higgs H§ = Hfn with zero vev, 

H 5 T 4 -> fi # 5 T 4 ^ + — fi d z tf = fi fit + — fi (-ig 5 vf H ) fit 

= fi {H + v)f H T l fit = (H + «)/ H T a , (2.36) 

where we used the fact that fi commutes with T 4 and fifit = 1. It is also interesting to 
note that 9q{Lq) = and therefore £l(Lo,v) = 1 on the Planck brane, so that the mixing 
does not affect the implementation of the Planck-brane boundary conditions. 

The EWSB-induced mixing is implemented by applying the gauge transformation to 
the gauge boson and fermion profiles, imposing the TeV-brane boundary conditions upon 
the post-EWSB profiles, and solving the resulting set of equations for the normalization 
coefficients and mass eigenvalue corresponding to each KK mode. The gauge-transformed 
profiles, mass conditions, and solutions for the normalization coefficients for the gauge and 
fermion sectors are collected in Appendix C. 

The main impact of EWSB-induced mixing on our calculation is through its effect 
on particle couplings. All interactions in the MCHM, including those of the Higgs, arise 
from the gauge structure of the theory. The Feynman rules before EWSB are collected for 
convenience in Appendix D. After EWSB, the profiles of the gauge KK mass eigenstates 
are in general no longer factorizable from the associated generators; likewise, the fermions 
become mixtures of states with different gauge transformation properties. Interaction 
vertices among 4D KK states are then computed by summing over the components of the 
mixed states before performing the integrations over the fifth dimension. 

2.4 The Coleman- Weinberg potential 

Because the Higgs boson arises from the gauge sector in the MCHM, it has no potential at 
tree level. Instead, the Higgs potential arises from loop contributions, primarily from the 
W and Z gauge bosons and the top and bottom quarks (we neglect the contributions of 
the light SM fermions in comparison with these). These loop contributions are the same 
effects that lead to the quadratically-divergent corrections to the Higgs mass in the SM. 

The Higgs potential is given at one-loop order by the Coleman- Weinberg potential, 
which can be written as [33, 34] 

at r 

VCW(V) = I>(4^)2 J d PP Hn [Pr(-P 2 )] 

i r°° 

= j^y J o d PP 3 ( 61n [Pw(-P 2 )] +3 In [pz(-p 2 )] 

-12 In [p t (-p 2 )} - 12 In [ Pb (-p 2 )} } , (2.37) 

where in the first line N r is the number of degrees of freedom, the plus sign applies to 
bosons, and the minus sign applies to fermions. The spectral functions p r are obtained from 
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the post-EWSB mass conditions for the W, Z, bottom, and top quark (see Appendix C) 
normalized to 1 in the absence of EWSB by dividing out the term independent of s'm 9q. 
They are given by 



Pi (m z ) = l + Fi(m 2 )sm A 9 G (Li,v), 
. . >i\.\iii~ 

p t {m 



W,Z,b, 



2F (m 2 ) 

with the functions FAm 2 ) defined as 



sin Vg{L\,v)+ ; „. sin 9 G {L u v) 



2F (m 2 ) 



(2.38) 



F z (m 2 ) 
F b {m 2 ) 



sec 2 6\v F\y(m 2 



(feLi) 4 AffS ( 



kL\m sec 2 9w 
2C' A (m,L 1 )S A (mMY 

Cl 



C3J 



Fo(m 2 ) — MfS+S^S^, (m$S C3 S Ci + S Cl S C3 j +5+ S C2 ^M^S^S+S^ + S Cl S+S C3 



M$S£ 2 S C3 S C2 + M 2 ^2Mf S+S^S^ + 2 < S , + 5 C1 5 C3 S£ 2 S C2 S C3 ) , 
-(*Li) 8 M?S- 



(2.39) 



where the arguments of S c (m, L±; v) have been suppressed for compactness. 

The Higgs vev is determined by minimizing the Coleman- Weinberg potential, while its 
mass is determined by evaluating the second derivative at the vev [33] . Crucially, unlike in 
the SM, the 5D potential of Eq. (2.37) is finite and calculable; the integrand is exponentially 
suppressed with momentum for momenta above the KK scale, creating an effective cut-off 
for the loop integrals and thereby avoiding the hierarchy problem. 

This exponential suppression can be demonstrated analytically using the asymptotic 
properties of Bessel functions (Appendix B). Consider for example the Z boson loop. This 
involves the function Fz(m 2 ), which is inversely proportional to C' A (m, L^S^m, L{). As- 
suming that pLi ^> 1, pLo <C 1, and using Eqs. (B.9-B.12), one can show that, after Wick 
rotating (here 7 is the Euler-Mascheroni constant and m = p = -y/p 2 ), 



svt 1 t \ Wick rot. . 2 

L A {m,L\) ~ im L\ 



exp(mLi) 
\j2ixmL\ 



In 



mLr 



+ 7 



+ 



7T 



2mL 



exp( 



(2.40) 



For mLi 3> 1, the first term dominates, and C' A (m, L\) is approximately proportional to 
exp(mLi). 5,4 (m n , L\) can be shown to have a similar exponential dependence, and thus 
the function Fz(m 2 ) is exponentially suppressed with increasing p. We may then Taylor- 
expand the logarithm in Eq. (2.37) to show that the integrand itself is proportional to 
Fz(m 2 ), and therefore exponentially suppressed as well. 

We implement the Coleman- Weinberg potential numerically and extract values for v 
and Mu for a particular set of input parameters, given next. 



2.5 Input parameters and particle masses 



The MCHM depends on the parameters g, 9y/i M% , ln(/cLi), and the set of Cj and Mj 
values necessary to specify the fermion profiles. We set the first three of these equal to 
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c 2 


(93) 

C3 Clight 






30 


0.24 


-0.41 


-0.58 0.70 


2.3 


0.5 



Table 2. Input parameters used to solve the Coleman- Weinberg potential. The parameters with 
superscript (73 refer to those of the third quark generation, while Qi g ht applies to all other fermions. 



the usual SM parameters: g = 0.649, 9 W = 28.75° (or sin 2 6 W = 0.2314), and M^ 0) = 
91.1876 GeV [48]. The fourth parameter is usually taken to be ln(fcLi) ~ 30 [33]; we 
choose ln(A;Li) = 30. 

Once the fermion parameters of the third quark generation have been chosen, the 
Coleman- Weinberg potential can be minimized to determine the value of 8g(L\,v) [33]. 8 
Using this value, k is determined by solving the Z boson mass condition such that m = 
M§\ With k in hand, L is given by Lq = 1/k and L\ is obtained from \n(kL\). This also 
fixes 55 via Eq. (2.5). 

At this point the Higgs vev can be obtained by rearranging the equation for 0q(Li,v), 

— 2 " a{L '- V) (2.41) 



and, finally, the Higgs mass can be determined by evaluating the second derivative of the 
Coleman- Weinberg potential at the vev, Mfj = Vq W (v) [33]. 

The choice of parameters is constrained by electroweak precision measurements. In 
the MCHM with the MSW fermion embedding, if the light fermions are placed close to the 
Planck brane — as is required to obtain realistic masses — then the KK mass scale Mkk = 
1/L\ > 1.4 TeV [36, 37]. The parameters of the third quark generation are constrained to 
the following regions of parameter space: < |ci| < 0.3, 0.35 < \c2\ < 0.45, 0.55 < [03! < 
0.6, M\ > 1, and M2 < Mi; within these requirements, c\ > and C2 < —0.4 are favored 
by electroweak precision constraints [33, 38]. Furthermore, while light fermions generally 
require c values above 0.5 to obtain the right masses, electroweak precision constraints 
require that c < 0.75 [39]. 

In what follows we use the input parameters given in Table 2. These satisfy the 
electroweak precision constraints with a KK mass scale just above the lower bound, so 
that the KK gauge boson masses are as small as possible. Parts of this parameter set 
have been used for other purposes in the literature [38], which allowed for cross-checks 
of our work. As we will be neglecting zero-mode fermion masses, for simplicity we will 
not distinguish among the different light fermions; we will use the same parameters for 
all leptons, neutrinos, and the first two quark generations. However, it should be noted 
that different choices of fermion parameters will yield extremely different spectra of KK 
fermions. 

8 Note that the minimization condition can be written entirely in terms of the SM input parameters and 
0a(Li,v), and independently of k, by transforming the integration variable to pLo- 
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v M H k=l/L M KK = 1/L 1 



250.218 GeV 131.6 GeV 1.497 x 10 16 GeV 1401 GeV 



Table 3. Predicted values resulting from the input parameters of Table 2. 



Mass before EWSB Mass after EWSB 

Z [TeV] X [TeV] A % [TeV] Z [TeV] X [TeV] A % [TeV] 













0.09118 






1 


3.442 


3.368 


5.367 


3.437 


3.368 


5.372 


2 


7.809 


7.732 


9.826 


7.804 


7.732 


9.831 


3 


12.199 


12.121 


14.249 


12.194 


12.121 


14.254 


4 


16.595 


16.515 


18.661 


16.590 


16.515 


18.667 



Table 4. Masses of the Z, X, and A 3 bosons before and after EWSB. 



The resulting Higgs mass and vev and the positions of the branes are given in Table 3, 
and the spectrum of masses for the Z, X, and A 3 bosons is given in Table 4. The lightest 
KK modes have masses of roug hly 2.5M KK ~ 3.5 TeV. As sketched in Fig. 1, the 
mass is shifted upwards by EWSB to its SM value, while the higher Z KK-mode masses 
are shifted slightly downwards, but remain heavier than the X KK-mode masses of the 
same KK order. Similarly, the A 3 masses are shifted slightly upward after EWSB. The X 
boson masses are unaffected by EWSB. 



3 The Higgsstrahlung cross section 

We now consider the Higgsstrahlung process, e + e~ -»■ Z^H, in which a Higgs boson is 
produced in association with a zero-mode Z boson (see Fig. 2). In the SM, this process 

(n) 

is mediated by s-channel exchange of a Z boson. In the MCHM, the KK excitations Z^ 
also contribute, as do the bosons (though the X contributions are numerically small). 
Before EWSB, the KK modes do not contribute because their coupling to e + e~ is zero 
(see Table 8); after EWSB, mixing with the Z and X states leads to a small contribution 
from A 3 . The and photon KK modes do not contribute because they do not couple to 
Z^H. 

The unpolarized SM cross section for this interaction is given by 

o"SM = — 7^\<{s,M z ,M H )(C L + C R )- ^— ^— , (3.1) 

9 We chose our parameters before the LHC Higgs discovery [3]. The Higgs mass can be lowered to 
the preferred experimental value by slightly varying ln(fcLi). This change will have little effect on our 
conclusions. 
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(A) (B) 

Figure 2. (A) The SM Higgsstrahlung interaction, e+e~ -> Z -> ZiJ. (B) The MCHM Hig- 
gsstrahlung interaction, e+e~ ->■ Z (0) iJ. 



where s = q 2 is the square of the center-of-mass energy, 

X(x, y, z) = x 2 + y 2 + z 2 — 2xy — 2xz — 2yz, (3-2) 

and 

gz = — -7—- (3.3) 
cos Ow 

Here g is the SU(2)x, gauge coupling constant and 6w is the Weinberg angle. We take 
g = 0.64939 and sin 2 9\y = 0.23135. We also define the left- and right-handed fermion 
couplings, 

C L = T 3l -Q sin 2 6 W , C R = -Q sin 2 W . (3.4) 

Note that at high energies s ^> M^ 2 , the kinematic function X(s, M^ 2 , M^) ~ 
■s 2 , and therefore the Higgsstrahlung cross section falls like 1/s. We will show that the 
corresponding cross section in the MCHM is strongly suppressed compared to this SM 
cross section for y/s above the scale of the first KK gauge excitations. 

In what follows, we compute the Higgsstrahlung cross section in the MCHM using the 
4D formulation of the theory in terms of KK modes, including the gauge KK modes up 
to n = 6. We demonstrate the impact of including the mixing effects induced by EWSB 
and the decay widths of the KK gauge bosons. As a cross-check we also compute the cross 
section in the 5D theory using the full 5D gauge propagator. 

3.1 4D calculation 

To compute the Higgsstrahlung cross section in the MCHM, we first obtain the 4D theory 
by integrating the 5D Lagrangian over z. The full cross-section calculation formally involves 
a sum over the infinite tower of KK gauge modes propagating in the s-channel in Fig. 2; 
by truncating the sum we obtain an approximate cross section. Calculating in terms of the 
KK modes has several advantages, notably that it is straightforward to include zero-mode 
masses, KK gauge boson widths, and the effects of particle mixing induced by EWSB. 
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The Higgsstrahlung cross section for left- or right-handed initial-state fermions is given 



by 



96tts 2 mP 2 



A x /2( s , M f\ Ml) \\2sMf 2 + X(s, Mf\ Ml) 



E 



c 



L,R 
Zn 



(n) » Jn) + Yl 



c 



L,R 
Xn 



=0 s _ M P 2 + iY^Mf 8 - Mf 2 + iT { : ] M {n) 



X ±v± x 



(3.5) 



where is the total decay width of each particle propagating in the s-channel, C^'J^ 



L Ft, 

and C x ' n are the appropriate products of couplings, and L, R refer to the polarizations 
of the initial-state fermions. The unpolarized cross section corresponding to Eq. (3.1) is 
obtained by averaging over the initial-state fermion polarizations, 



1 / 

Ctot = T (CL + &r) ■ 



(3.6) 



As a first pass, we neglect the particle mixing caused by EWSB. The products of 



L Ft (tO 

couplings are then given by C G ' n = C, 



C^L, with G = Z or X, where 



a 



Gff L ,R GZH 

L.R, 7 (n) n (n) V 7 (n,0) 

Gff L ,R ~ 9G C GSS Zj GS! h ,^ U GZH ~ 1S 9Z 9G GZH' 



The fermion couplings constants cfc f f are defined as 



(n) 



(3.7) 



L,R 
Z Zff 



Cl,r, 



C Xff 



Gff 

(Q - T|) sin 2 9 W R Q sin 2 6 W - T| cos 2 W 

c Xff ~ „„„od___ ' i 6 - 6 ) 



COS 2#iy 



cos 16 



W 



where Cx and are defined in Eq. (3.4). The gauge coupling of X is given analogously 
to Eq. (3.3), 

fif^cos 20 w , 3 g ^ 



9X 



cos 0^ 



Finally, the coefficients ZqJ^ r and Zq^ h are the integrals over z of the profiles of the 
particles involved in each interaction vertex, 



,(n) 


r 


dz 


1 


95 


GffL.R 


■JLo 


(kz 


4 9 


7 (n,0) _ 
GZH — 


r 

Jl 


dz 


kz 


( 95* 
\9, 



f(°) 



/^(m n ,z)/^(M^,z) [/*(*)] 



(3.10) 



When EWSB-induced mixing is included, the vertex factors Cq^ l and Cq^h i ncor ~ 
porate all possible couplings involving the components of the mixed particles. In this case 
the gauge generators cannot be factored out from the z integrals and must be evaluated 
before integration. In both cases, we compute the integrals numerically using Maple [55]. 
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3.2 5D calculation 



The Higgsstrahlung cross section can be computed directly in the 5D theory by assembling 
the amplitude in terms of the 5D Feynman rules, multiplying by the external zero-mode 
profiles, and integrating over the fifth dimension. This method has the advantage of in- 
cluding all of the propagating KK modes automatically; however, the inclusion of widths, 
mixing effects, and zero- mode masses becomes difficult. We therefore use this as a check 
of our 4D calculation. 

The cross section is given by 



,2 „,2 



C L,R 



^— A^( s , Mf\Ml) \l2sMf 2 + A( S , Mf\ M*) 



384its 2 M { ° )2 s 2 



9zCzf f z z(q, c) + g 2 x c x f f Z x (q, 



(3.11) 



where the constants were defined in Eq. (3.8), q is the center-of-mass four-momentum, 
and Z G (q) is the integral of the 5D components over the positions z and z' of the two vertices 
in the fifth dimension: 



dz 



1 



L 



dz'-^G G (z',z;q)fP(z') [f H (z')} 2 



+ 



1 dz' ^G G {z,z'-q)f ( i\z') [f H (z')} 



(3.12) 



where the dependence on the fermion parameter c appears from the fermion profile. The 
function G(u, v; q) arises from the 5D propagator, which is given in unitarity gauge by 10 



iG G (z,z?;p)(rr 



p 2 



iG G (z,z';0) 



p 2 



(3.13) 



The function G(u, v; q) is defined as the Green's function of the gauge boson equation of 
motion, 



1 



P ~ 

The solution is given by 

7T kuV 

G(u,v;p) 



d z + d 2 



G G (z, z';p) = kz5(z — z ). 



2AD-BC 



[AJ x (pu) + BYxipu)} [CJ^pv) + DYtipv)} , 



(3.14) 



(3.15) 



where u = min(z,z'), v = max(z,z'), the coefficients A,B,C,D are determined by ap- 
plying the boundary conditions for the gauge boson in question, and J and Y are Bessel 
functions. This 5D propagator contains all the poles corresponding to all the KK modes of 
the corresponding gauge boson. The integration is performed in two pieces to account for 
the fact that the propagator is defined with u < v. We compute the integrals numerically 
using Maple [55]. 



10 Note that only the rf v term will contribute to our process because we neglect the tiny initial-state 
fermion masses. 
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The 5D calculation can be shown explicitly to be equivalent to the 4D calculation 
(neglecting the gauge KK mode widths, mixing induced by EWSB, and zero- mode masses) 
using the fact that the 5D gauge boson propagator obeys the identity [40] 



Inserting this into Eq. (3.12), the double integral can be separated into a sum over gauge 
KK modes of the gauge propagator times separate integrals over z and z' , which reduce 
to the integrals for the couplings in Eq. (3.10). Therefore, the cross section obtained in 
Eq. (3.11) is completely equivalent to that in Eq. (3.5) in the limit that 1^? = and 
EWSB-induced mixing is neglected (this also implies that = 0). 

3.3 Numerical results 

In order to illustrate the origins of the features of the cross section, we present our numerical 
results in three stages. First we compare the 4D and 5D calculations, neglecting EWSB- 
induced particle mixing and gauge boson widths. We then show the effect of the EWSB- 
induced mixing. Finally we include the gauge boson widths, which have a dramatic effect 
on the behavior of the cross section above the first Z KK mode, especially after EWSB- 
induced mixing. In all cases we use the parameters in Table 2. We also choose Mi = 1.5 
and M2 = 0.627 for all fermions other than the third-generation quarks. The choice of M2 
was made by requiring that the down-type fermion mass condition yield the electron mass, 
as this is the most important light fermion for the process we consider. 

We begin by ignoring EWSB-induced mixing and setting all gauge boson widths to 
zero. We compute the total unpolarized cross section for e + e~ — > Z^H as a function of 



the center-of-mass energy y/s = \fq^ = q. Results are shown in Fig. 3. Because the SM 

cross section is proportional to 1/q 2 in the high-energy limit, we plot (? 2 cr tot (this quantity is 
dimensionless in natural units) . The asymptotic behavior of the SM cross section results in 
a constant high-energy value for q 2 atot, allowing us to illustrate more clearly the suppression 
of the cross section in the MCHM. 

In addition to the SM cross section, in Fig. 3 we plot (i) the cross section from the 
5D calculation and (ii) the cross section from the 4D calculation including a successively 
increasing number of gauge boson KK modes. The resonances clearly visible in the cross 
section are those of the Z boson KK modes. The contribution of the X KK modes is 
numerically negligible for our choice of c = 0.7 for the electron (this remains true unless 
the electron c parameter becomes quite close to 0.5). This is because the electron's profile 
(like that of all light fermions) is peaked toward the Planck brane, while the X KK mode 
profiles are zero on the Planck brane due to the Dirichlet boundary condition. 

Figure 3 illustrates the excellent agreement between the full 5D cross section calculation 
and the 4D calculation truncated at a finite KK number. This agreement holds up to a 
center-of-mass energy just above the mass of the heaviest KK mode included in the 4D 




(3.16) 
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Approximation: No particle mixing, no widths 
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Figure 3. The unpolarized Higgsstrahlung cross section multiplied by the square of the center- 
of-mass energy q 2 . Shown are the SM (red dashed line), the MCHM 5D calculation (black solid 
line), and the MCHM 4D calculation with the sum over KK modes truncated at n = 1 through 
6. EWSB-induced mixing and gauge KK-mode decay widths are neglected. (Note that q 2 a to t is 
dimensionlcss in natural units.) 



calculation. We thus learn that we can safely neglect the contribution of KK modes with 
masses much higher than the center-of-mass energies of interest. Figure 3 also provides a 
first illustration of the suppression of the Higgsstrahlung cross section above the energy 
scale of the first gauge KK modes, visible at center-of-mass energies away from the gauge 
KK resonances. 

We next implement the EWSB-induced particle mixing into the 4D calculation. This 
mixing does not substantially change the magnitudes of the couplings relevant to the Hig- 
gsstrahlung interaction. We show this in Fig. 4 by plotting the result of the 4D calculation 
with and without EWSB-induced mixing, including KK modes with n < 6. We again 
ignore the gauge KK mode widths and plot the result of the 5D (unmixed) calculation for 

11 The small discrepancy between the 4D and 5D calculations below 1000 GeV is due to the fact that the 
5D calculation uses A4 0) = since EWSB is not taken into account; we use the physical Z boson mass for 
M^ ' in the 4D calculation. 
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Approximation: No widths 




CoM Energy, q = sqrt(q 2 ) [TeV] 

Figure 4. As in Fig. 3 but now illustrating the effect of using the KK masses, profiles, and couplings 
derived including EWSB-induced mixing (solid green line). Gauge KK-mode widths are neglected. 

comparison. The main new feature is the appearance of the A 3 resonances at masses in 
between those of the Z KK modes. The A 3 gauge generators do not permit a coupling to 
e + e~ before EWSB; after EWSB, the A 3 resonances contribute to Higgsstrahlung only via 
the small admixture of the Z KK modes into the corresponding mass eigenstates. 

A second new feature of the calculation including EWSB is that the Higgsstrahlung 
cross section is slightly suppressed at all center-of-mass energies. This effect is due to 
slight changes in the normalization of the Z^ couplings. Both the Zff and ZZ^H 
couplings are reduced by about 3% after EWSB-induced mixing, which leads to an overall 
suppression of roughly 7% in the cross section. The implications of this coupling shift for 
Higgs production and decay at energies below the KK scale have been studied in detail in 
Ref. [49]. The X KK-mode couplings are also modified by EWSB-induced mixing, but the 
effect is small (the product of couplings is shifted by less than 1%). The contributions of 
the X KK modes to the Higgsstrahlung cross section thus remains numerically negligible. 

We finally incorporate the gauge KK-mode decay widths into the 4D cross section cal- 
culation. We compute the widths including two-body decays to all kinematically accessible 
Higgs and gauge bosons, including KK modes, and to the SM fermions. Expressions for the 
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widths are collected in Appendix E. For simplicity, we omit decays to fermion KK modes; 
this lets us avoid the substantial model-dependence of the fermion KK spectrum without 
significantly changing our conclusions (decays to KK fermions will be discussed below). 

Including the gauge KK-mode decay widths has a dramatic effect on the Higgsstrahlung 
cross section at center-of-mass energies above the KK resonance. We show this in Fig. 5 
by plotting the result of the 4D calculation with gauge KK-mode decay widths, with and 
without EWSB-induced mixing, including KK modes with n < 6. Even before EWSB, the 
widths of the Z KK modes with n > 2 are quite large. This is mainly due to the rapid 
growth of the decay width of a gauge KK mode to two lighter gauge bosons with increasing 
mass of the KK mode (see Appendix E), together with the proliferation of kinematically- 
accessible final states. After EWSB, the widths of the Z KK modes with n > 2 become 
even larger. This is due to the appearance of decays involving an A a gauge KK mode in 
the final state, which are accessible only via the A 3 admixture in the Z KK modes after 
EWSB. The small mixing is compensated by the large couplings among these gauge KK 
states. These large decay widths flatten the resonance structure of the Higgsstrahlung cross 
section at center-of-mass energies above the first Z KK mode, yielding a formfactor-like 
behavior that we interpret as the hallmark of the composite Higgs. 

The decay width of the first Z KK mode is relatively modest, around 7% of its 
mass both before and after EWSB. The width of this mode is not significantly altered 
by EWSB because it is too light to decay into other gauge KK modes. Its couplings to the 
kinematically-accessible zero-modes are only slightly modified by EWSB-induced mixing 
effects. Up to now we have omitted the contribution to the width from decays into fermion 
KK modes. For our choice of parameters, only the first top-quark KK mode is lighter than 
half the > mass; including decays to these states increases the width to about 10% 
of its mass. Raising the light-fermion parameter Mi to 2.2 lowers the masses of the first 
neutrino, up-quark, and charm-quark KK modes so that they can also appear in the final 
states of Z^ decays; for this parameter set, the Z^ 1 ' width becomes about 13% of its mass. 
Other parameter sets (see Refs. [33, 38]) can also result in low masses for the first fermion 
KK excitations. 

The decay widths of the second and higher Z KK modes already reach 30%-50% of 
their masses excluding decays to KK fermions. The very large multiplicity of accessible 
final states involving KK fermions will increase these widths further — recall that the MSW 
embedding contains 20 quarks and 20 leptons per generation, including the exotic fermions 
that have no zero modes. The resulting large gauge KK-mode widths begin to call into 
question the perturbativity of the theory. However, their impact on the Higgsstrahlung 
cross section will be only to further flatten the gauge KK resonances, leading to a smoother 
fall-off of the cross section with increasing center-of-mass energy. 

3.4 Source of the cross-section suppression 

The formfactor-like suppression of the Higgsstrahlung cross section at center-of-mass en- 
ergies above the first Z KK resonance arises due to progressive cancellations among the 
KK-mode contributions to the cross section. To illustrate the cancellation, consider the 
contribution of the first n KK modes at a center-of-mass energy much higher than the 
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Figure 5. The unpolarized Higgsstrahlung cross section times q 2 computed in the 4D theory with 
n < 6, including gauge KK-mode widths (see text for details). Results are shown with (solid line) 
and without (dotted line) EWSB-induced mixing. 



masses of the considered KK modes. 12 In this limit, s M 2 , MY in the propagators and 
we obtain the approximate result 

i=0 U Zff LiR U ZZH ) 

where cf ff L R = 9zc L z f f and cf^J = g 2 z v SM /2 [see Eqs. (3.7)-(3.10)]. We ignore EWSB- 
induced mixing, which has very little effect on the couplings involving zero modes. The 
product of the couplings is then given by, 

^ZffL^zzH = 9zC zff Z zff LyR x Sz-^zzh- (3.18) 

12 Because there are an infinite number of KK modes, we are necessarily neglecting the contributions 
of KK modes with masses near the center-of-mass energy. Nevertheless, this approximation allows us to 
illustrate the dominant source of the cross section suppression at center-of-mass energies up to about an 
order of magnitude above the mass of the first Z KK mode. 



MCHM,n 

rr SM 
L.R 
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In particular, the product of couplings differs from that of the SM Z boson only through 
the presence of the integrals of the 5D profiles and through the small shift in the Higgs 
vev (we use the MCHM value from Table 3). Because of this, if we neglect the (small) 
contributions of the X KK modes, we obtain the simple relation, 



We plot the ratio in Eq. (3.17) in Fig. 6, for both left- and right-handed initial-state 
electrons. We show separately the contributions from the Z and X KK modes, together 
with the complete expression. The contribution from the Z KK modes overwhelmingly 
dominates up to n ~ 10, and obeys an approximate power-law behavior ~ n~ 5,5 . This 
behavior comes from the value of the integrals of the 5D profiles in Eq. (3.19), which for 
the first few Z KK modes reads, 



In particular, the product of couplings of the first Z KK mode is about 10% larger in 
magnitude and opposite in sign compared to that of the zero-mode Z boson. The first Z 
KK mode thus cancels the entire SM Higgsstrahlung amplitude with about 10% overshoot. 
The product of couplings of the second Z KK mode is about 10% of that of the zero- mode 
Z boson, with the same sign; this cancels most of the remaining amplitude. The sum 
alternates in sign with steadily decreasing magnitude as n increases. 

At large n > 10, the ratio in Eq. (3.17) deviates from a power law as the Z KK 
mode contributions asymptote to a finite value and the X KK mode contributions begin 
to become significant. At this point the relevance of the truncated KK-mode sum breaks 
down, because contributions from KK modes with ~ -y/s can no longer be neglected. 

We expect that an analytic understanding of the cross section suppression could be 
obtained from the 5D gauge propagator including the absorptive part of the one-loop 
radiative corrections (equivalent to including the gauge KK-mode widths) to push the 
poles off the real q 2 axis. Indeed, Ref. [50] used this approach to understand the high- 
energy behavior of scattering mediated by gauge bosons in a warped hidden sector, with 
the SM confined to the UV brane. Their approach involved matching the 5D propagator 
onto a theory in which the IR brane is taken to infinity (equivalent to the IR scale being 
taken to zero). This eliminates the poles in the 5D propagator, leading to a smooth cross 
section for UV-to-UV processes that falls as a power law with collision energy. However, it 
is not clear how this approach can be generalized to our set-up, since our process involves 
the Higgs which is localized near the IR brane. Computation of the one-loop propagator 
in the 5D theory is beyond the scope of this paper. 

4 Coupling extraction at an electron-positron collider 





(3.19) 



n 




(3.20) 



i=0 



We now consider the prospects for experimentally testing the progressive cancellation of 
the Z-boson KK-mode contributions to the Higgsstrahlung cross section by measuring the 
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Figure 6. The ratio of the squared sum of the Higgsstrahlung interaction couplings with respect to 
the SM Higgsstrahlung couplings from Eq. (3.17) plotted versus the number of included KK modes. 
The left (right) panel shows the ratio for left-handed (right-handed) initial-state electrons. 



relevant product of couplings. This can be done using measurements of the cross section 
for e+e" -> Z^H at more than one center-of-mass energy. We consider measurement 
prospects at the proposed International Linear Collider (ILC) [51] and Compact Linear 
Collider (CLIC) [52]. The expected collision energies of these two machines lead us to 
consider extraction of the couplings of only the first and second Z KK modes. For simplicity 
we use unpolarized cross sections; separating a fixed-luminosity data sample into equal left- 
and right-polarized samples offers no advantage in this analysis. 

We compute the Higgsstrahlung cross section at center-of-mass energies of 500 GeV 
and 1 TeV (ILC) and 3 and 5 TeV (CLIC). We use the parameters of Table 2 together 
with Mi = 1.5 for the light fermions. We include EWSB-induced mixing and compute 
the gauge KK-mode widths including decays to all kinematically-accessible boson pairs as 
well as SM (zero-mode) fermion pairs. For the Z^ width we also include decays to all 
kinematically-accessible fermion KK modes. We include gauge KK modes with n < 6. 

For each center-of-mass energy, we compute the statistical uncertainty on the Hig- 
gsstrahlung cross section assuming 500 fb _1 of integrated luminosity at that energy. We 
assume that all e + e~ — > Z^H events are detected, and ignore backgrounds and systematic 
uncertainties; this gives us a best-case estimate of the coupling sensitivity. The resulting 
cross sections, numbers of events, and statistical uncertainties are summarized in Table 5. 
Recall that our benchmark parameters yield masses for the first and second Z KK modes 
of 3.44 and 7.80 TeV, respectively. 

We proceed to study how well the relevant products of couplings can be extracted in 
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(TeV) a tot (fb) N s [500 fb" 1 ] ^5 Aa tot (fb) 



0.5 


52.91 


26,455 


163 


0.3253 


1 


13.90 


6,947 


83 


0.1667 


3 


21.51 


10,752 


104 


0.2074 


5 


0.5819 


291 


17 


0.03412 



Table 5. Unpolarizcd Higgsstrahlung cross sections, numbers of signal events in 500 fb -1 , and 
statistical uncertainties on the number of events and cross section for various e + e~ center-of-mass 
energies. 

two scenarios: (i) extraction of the and couplings, ignoring the presence of higher 
KK modes; and (ii) extraction of the Z^ and Z^ couplings, assuming that the Z^Z^H 
coupling has been precisely measured elsewhere (e.g., in Z^H production near threshold 
or in Higgs decays). In each case we construct a Ax 2 observable, 



A* 2 = £ 



cr, 



test 



a 



(Act* 



(4.1) 



where a % and Act* are the measured cross section and its uncertainty from Table 5 and 
al est is a test function that depends on the two unknown products of couplings that we 
wish to extract. In each case we will plot 95% confidence regions (A% 2 = 5.99) including 
measurements at two, three, or four different center-of-mass energies. 

We first consider extraction of the relevant products of couplings of Z^> and Z^ l \ Be- 
cause the Z^ 1 couplings to e + e~ have already been precisely measured at LEP, the former 
amounts to a measurement of the Z^Z^H coupling. We assume that the Z^' mass and 
width will have already been measured, e.g., at the LHC, and ignore their uncertainties. 
We construct the test function according to, 



cT test (s,c£\C < £ ) ) = Coei[s] 
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(0) 
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(i) 
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+ ir 



M 1 



(4.2) 



where and are the products of couplings for the Z^ and Z^ normalized to the 
corresponding product of SM Z boson couplings (this normalized product of couplings is 
the same for left-handed and right-handed initial-state electrons). If we were to neglect 
EWSB-induced mixing, these normalized products of couplings would correspond to the 
products of 5D profile integrals times v/vsm as given in Eq. (3.19). Here Coef[s] denotes 
the usual SM coefficients of the e + e~ — > Z^H cross section. 

The resulting 95% confidence regions for Cf and are shown in Fig. 7. The largest 
ellipse in the left panel of Fig. 7 shows the constraint from cross section measurements at the 
ILC alone, at 0.5 and 1 TeV. Even though these collision energies are well below the mass 
of the first Z KK mode, the ILC is able to clearly detect its influence. ILC measurements 
are also enough to determine that the normalized product of Z^> couplings is opposite in 
sign and similar in magnitude (to within about ±25% at 95% confidence level) to that of 
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Figure 7. 95% confidence level regions for &z> and C ( z ' from ILC and CLIC cross section mea- 
surements at various center-of-mass energies. The largest ellipse in the left panel corresponds to 
cross-section measurements at 0.5 and 1 TeV from the ILC alone. The right panel shows a blow-up 
of the region near = —1.05. From largest to smallest, the ellipses in the right panel correspond 
to cross section measurements from both the ILC and CLIC, at center-of-mass energies of 1 and 
3 TeV; 0.5 and 3 TeV; 0.5, 1, and 3 TeV; and 0.5, 1, 3, and 5 TeV. The actual normalized products 
of couplings are Cf> = 0.953 and = -1.052. 

Z^°\ as needed for the cancellation that is responsible for the cross section suppression. 
Furthermore, ILC measurements would clearly differentiate C% from the SM expectation 
C§ M = 1; this difference is a well-known feature of the Z^Z^H coupling in the MCHM 
(see, e.g., Ref. [49]). 

The right panel of Fig. 7 shows the constraints from cross section measurements at the 
ILC and CLIC. A CLIC cross section measurement at 3 TeV — on the lower-energy flank of 
the Z& resonance — allows C% to be extracted to within about ±2% at 95% confidence 
level, giving clear evidence of the "overshoot" in the coupling cancellation, \C^'\ > \C^\. 
Interestingly, an ILC measurement at 0.5 TeV combined with the 3 TeV CLIC measurement 
provides a better determination of than does an ILC measurement at 1 TeV. This is 
due to the better statistics from the larger Higgsstrahlung cross section at 0.5 TeV. 

We now consider extraction of the relevant products of couplings of Z^ and Z^ 2 \ 
assuming that the Z^> coupling to the Higgs has already been measured. We assume 
that masses and widths of both Z^ and Z^ are known, e.g., from LHC measurements, 
and neglect their uncertainties. We construct a new test function analogous to Eq. (4.2) 
according to, 




2 



(4.3) 



where our fit parameters C z and C z 



are again the products of couplings for Z^ and 
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Figure 8. 95% confidence level regions for C { z ] and c£° from ILC and CLIC cross section mea- 
surements at various center-of-mass energies, assuming that is already known. In both plots, 
from largest to smallest, the ellipses correspond to cross section measurements from both the ILC 
and CLIC, at center-of-mass energies of 0.5 and 3 TeV; 1 and 3 TeV; 0.5, 1, and 3 TeV; and 0.5, 1, 
3, and 5 TeV. The left panel is for our benchmark parameter set with Mi = 1.5 for light fermions. 
The right panel is for an alternate parameter set with Mi =2.2 for light fermions (this increases 
the width to about 13% of its mass) and the width set equal to its mass. The actual 
normalized products of couplings are C { z ] = -1.052 and = 0.134. 



Z( 2 ) normalized to the corresponding product of SM Z boson couplings. 

The resulting 95% confidence regions for C [ z ] and are shown in the left panel of 
Fig. 8. The three largest ellipses show the constraint from cross section measurements at 
the ILC (from largest to smallest, at 0.5 TeV, 1 TeV, and including both measurements) 
combined with a measurement at the 3 TeV CLIC. Note that, with only a 3 TeV mea- 

(2) 

surement from CLIC, adding the new C z parameter to the fit approximately doubles the 
uncertainty on the extracted value of by introducing a strong correlation between the 
two parameters. Adding a 5 TeV measurement from CLIC (innermost ellipse in the left 
panel of Fig. 8) lifts the degeneracy by providing a cross section measurement above the 

resonance but below the resonance. However, even at this highest center-of-mass 
energy, is consistent with zero at the 95% confidence level; at best, we can determine 
that its favored value is positive and smaller in magnitude than the first KK mode by at 
least a factor of four, i.e., \C^\ < 0.25 |C^| at 95% confidence level. 

We finally recall that the decay width of Z^ that we use in the cross section com- 
putation does not include decays to KK fermions. To determine how larger decay widths 
affect the coupling extraction, in the right panel of Fig. 8 we set the width of Z^> equal 
to its mass and also take M\ = 2.2 for light fermions (this increases the width to 
about 13% of its mass). Including ILC and CLIC measurements at all four center-of-mass 
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energies, we retain the upper bound \C Z \ < 0.25| | at 95% confidence level, but we 
lose the preference for a positive value of 

5 Conclusions 

Our goal in this paper has been to explore the manifestation of Higgs compositeness in 
a process that can in principle be probed experimentally. To this end, we computed the 
cross section for e + e~ — > ZH in the Minimal Composite Higgs Model. We examined the 
dependence of the cross section on the collision energy for energies spanning the masses of 
the first several gauge KK excitations. We observed a dramatic suppression of the cross 
section compared to that in the SM, starting at collision energies about 1.5 times the mass 
of the first Z-boson KK excitation. The immediate cause of this suppression is a progressive 
cancellation among the Z-boson KK-mode contributions to the amplitude. 

We interpret the suppression as implementing an effective form factor for a process 
in which the composite Higgs interacts with an s-channel probe with wavelength shorter 
than the compositeness scale. This behavior is reminiscent of the mechanism by which the 
MCHM solves the hierarchy problem: radiative contributions to the Higgs mass parame- 
ter from gauge boson loops are finite due to an exponential suppression of the integrand 
in the loop momentum integral. This suppression arises in a simple way from the form 
of the 5D gauge boson propagator in the warped extra-dimensional theory. An analo- 
gous understanding of the suppression of the Higgsstrahlung cross section is hindered by 
the presence of the KK-mode resonance poles on the real q 2 axis in the tree-level gauge 
propagator. Inclusion of the gauge KK-mode widths shifts the poles off the real axis and 
allows a realistic computation of the cross section as a function of q 2 ; however, we have 
implemented this only in the 4D picture. We expect that a deeper understanding of the 
cross section suppression could be obtained from the one-loop 5D gauge propagator, in 
which the absorptive parts of the gauge boson self-energy (corresponding to the KK-mode 
decay widths) will shift the poles away from the real axis. We leave the computation of 
the one-loop 5D propagator to future work. 

We also examined the prospects for extracting the relevant products of couplings of 
the first two Z-boson KK modes at the ILC and CLIC. We found that ILC measurements 
at 0.5 and 1 TeV are sufficient to detect the influence of the first Z KK excitation, and to 
determine that the relevant product of its couplings is opposite in sign and approximately 
equal in magnitude to that of the zero-mode Z boson. Adding CLIC measurements at 3 
and 5 TeV (the latter energy being above the mass of the first Z-boson KK excitation) 
would show that the first Z KK mode coupling is in fact larger in magnitude than that of 
the zero-mode Z boson; however, it would also put only an upper bound on the magnitude 
of the coupling of the second Z KK mode consistent with the progressive cancellation 
mechanism. 
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A Gauge generators 



In the 5-representation, the generators of SO (4) 
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.abc 



sis* 



SU(2) L x SU(2) fl are 



(A.l) 



while the generators for SO(5)/SO(4) are 
where cll.r = 1,2, 3, a = 1...4 and i,j = 1...5 [29]. Explicitly, the generators are given by 
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In the 10-representation, or adjoint representation, T 4 , T 3 and T Sl ' r are given by 
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The generators obey the following commutation relations: 

[T aL ,T bR ] = 0, 



[T a ,T & 



l r 
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5 a 5 b 
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^abc (rpC L _|_ J^Cfjj _|_ ^4 (rpa L _ rpa R ^ 



t). 



(A.5) 



where e abc is the totally antisymmetric tensor with e 123 = 1. 

Using these generators, our defined quantities A^ N T a 
where abc is an even permutation of 123, 
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B Bessel functions 



Bessel functions of the first and second kind, J n (x) and Y n (x), respectively, are solutions 
to Bessel's differential equation [53-55] , 



2 d 2 y dy 2 2 
x — r + x— + (x —n)y = 0, 
dx A ax 



(B.l) 



where n is a non- negative real number. The two solutions are independent only if n is not 
an integer; otherwise they are related through 

J n {z) cos(mr) — J_ n (z) 



Y n (z) . 

sm(n7r) 

The Bessel functions obey the orthogonality relation, 
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where a m is the mth zero of J u , and similarly for Y v . Their asymptotic approximations 
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They obey the recurrence relations 
2n 

Jn+l(x) = J n {x) ~ Jn-l(x) , 
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and similarly for Y n {x). 

The modified Bessel functions of the first and second kind, I n {x) and K n (x), are 
solutions to Eq. (B.l) under the transformation x — > ix [53-55]. The Bessel function and 
modified Bessel function of the first kind are related through 



I n (x) = i n J n {ix). 



(B.9) 



If n is an integer, the Bessel function and modified Bessel function of the second kind are 
related as follows: 
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The modified Bessel functions obey the same recurrence relations as the original Bessel 
function, and have the following asymptotic approximations, 



I n {x) 
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^ forx>l 



(B.ll) 




(B.12) 



where 7 ~ 0.5772 is the Euler-Mascheroni constant. 
C Profiles after EWSB-induced mixing 

Here we provide details of the mixing of the gauge boson and fermion modes after EWSB. 
Explicit calculations and summaries can also be found in Refs. [33, 38, 39, 56]. Note 
however that these sources define the rotation angle Oh differently from us; furthermore, in 
some cases their explicit solutions for the profile coefficients take a different form from ours 
due to differences in the solution method. We have checked that our results are nevertheless 
equivalent to theirs. 

To avoid notational clutter, we will omit the superscript n denoting the KK mode 
number on all profiles and coefficients throughout this section; the KK mode 
number dependence will be expressed solely through the subscript on the mass parameters 
m n . 

C.l Gauge bosons 

The mixed particle profiles f(m n ,z;v), where v is the nonzero Higgs vev after EWSB, 
can be obtained from the pre-EWSB basis profiles through the gauge transformation in 
Eq. (2.33). The base profiles f(m n ,z;0) of the bosons are defined by 



where C A (m n , z) and S A (m n , z) are the basis functions defined in Eqs. (2.12-2.13), and the 
Cq are normalization coefficients [33]. Note that it is /x(m n , z;Q) and /s(m n , z; 0) that 
are defined in terms of the basis functions, rather than f^ R {m n , z; 0) and /;j(m n , z; 0). We 
will define f3 R (m n , z; 0) and fu( m n, z; 0) in terms of the X and B profiles below. 

In the 5-representation of the SO(5) generators (see Appendix A), the transformation 
matrix £l(z, v) of Eq. (2.34) can be rewritten as 



f aL (m n ,z;0) 
f lR (m n ,z;0) 
fx(m n ,z;0) 



C aL C A (m n ,z) 
Ci R SA(m n ,z) 
CxS A (m n ,z), 



f B {m n ,z;0) = C B C A (m n ,z), 
f2 a (m n , z; 0) = C2 R S A (m n , z) 
fa(m n , z; 0) = CaS A (m n , z), 



(C.l) 



n(z,v) = l-iV2T 4 sm9 G + l 45 (cos6 G - 1) , 



(C.2) 
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where 1 is the unit matrix, G = G (z, v) is defined in Eq. (2.35), and I45 = diag(0, 0, 0, 1, 1). 
The gauge boson profiles after EWSB are determined by the equations, 

fi L , R (v) = ^(l±co S e G )C lL C A + ^(lTco S 9 G )C lR S A ±^sme G C i S A , 



h L ,< '') - \ (1 ± cos0 G ) C 2l C a + cosOg) C 2r S a ± ^ sm9 G C 2 S A . 

h L;; (r) ^±(l±co S G )C 3L C A ±^ S m9 G C$S A 



+~ (1 t cos 6> G ) [cos H C b C a - sin H C X S A ] , 
= cos o G c i S A + sin 6» G (Ci^S'a - Ci l Ca) , 



/2(f) = cos G C$S A + —f=. sin6» G (C 2r S a - C 2l C a ) 
f§(y) = cos G C^Sa + sin G (cos H C B C A - sin H C x S A - C 3l C a ) 



1 

1 

/4(f) = C^Sa, 

fu(v) = sm0 H C B C A + cos0 H Cx<Sa, (C.3) 

where we suppress the m n and z dependence of f G (v) = f G (m n , z,v), Ca = CA(m n ,;z), 
and 5a = Sa (Tn n ,z) for compactness [56]. Recall that cosOh = tanOw- 

As discussed in Sec. 2.3, the TeV boundary conditions provide a system of equations by 
which the coefficients C G and mass eigenvalues may be determined. The boson masses are 
determined by setting the determinant of this system to zero, a requirement for the system 
to be solvable. The system of equations can be broken into subgroups corresponding to 
the charged and neutral gauge bosons, which mix independently. 

C.l.l Charged gauge bosons 

The two sets W 1l , W 1r and A 1 , and W 2l , W 2r and A 2 , of electrically charged gauge 
bosons mix independently but with mathematically identical forms. We will represent 
these two systems by W %L , W lR and A 1 (i = 1,2). The TeV-brane boundary conditions 
are, 



= 0, 

z=L± 

r = °' 

2 = Ll 



d z f^\m n ,z;v) 
dzfi R \m n ,z;v) 

f( n \m n ,z;v) =0, (C.4) 

* z=L\ 

which we will use to solve for the coefficients Ci L , Ci R and that determine the composi- 
tion of each mass eigenstate [56]. Setting the determinant of this system to zero, we obtain 
two conditions, one of which must be satisfied for there to be a mass eigenstate: 

S A (m n ,Li) = 0, or (C.5) 
2C' A (m n , Li) S A (m n , L\) + m n kL x sin 2 G (Lx,v) = 0, (C.6) 
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where a prime represents the derivative with respect to the fifth coordinate z and we have 
used the Wronskian relation [33, 54] (also known as Abel's identity), 



S' A (m n , z) C A (m n , z) - S A (m n , z) C A (m n , z) = m n kz. (C.7) 

The solutions m n of Eq. (C.5) correspond to the masses of the W %R KK modes, and are the 
same as the original W lR masses before EWSB. The solutions m n of Eq. (C.6) correspond 
to the masses of both the W %L and W % KK modes — compared to the corresponding masses 
before EWSB, these mass eigenvalues are shifted by a small amount. Note that for v — > 0, 
the left-hand side of Eq. (C.6) simplifies to the product of the left-hand sides of the original 
mass conditions for W lL and W 1 . 

These two sets of solutions for the mass eigenvalues correspond to two sets of solutions 
for the coefficients Cq. The solution corresponding to Eq. (C.6), which yields gauge KK 
modes that are mostly W %L or W l , is given by (the superscript Wl identifies this coefficient 
set) 

r w L _ /k c SA{m n ,L{) (1 + cos 2 6 G {Li,v)) 
lL 1 C A (m n , L x ) sin 26 G {L u v) ' 

C Z L = ^QtanM^), Cf* = C h (C.8) 

where the remaining coefficient C~- is fixed by the normalization condition with a = Wl, 



dz 
kz 



( [/£ (m, z; v)] 2 + [ft R (m, z; v)] 2 + [f? (m, z; v)] ^ = 1. (C.9) 



When the coefficients given in Eq. (C.8) are substituted into the profiles fi L (m, z;v), 
fi R (m,z;v) and f^(m,z;v) of Eq. (C.3), all of these profiles are non-zero. This indicates 
that the full W lL mass eigenstate profile is a superposition of these mixed profiles, weighted 
by their associated generators, 

F iL (m, Z] v)T F ^ = f^(m, Z] v)T^ + f^ L (m,z-,v)T iR + f^ L (m,z-v)T\ (CIO) 



where the superscript Wl on the profiles indicates that coefficients Ci L , Ci L , and C- have 
been replaced by those in Eq. (C.8). Here T FiL is meant to denote the generator that 
would be associated with the profile FiL(m, z;v); however, in practice the two cannot be 
separated because the combination of generators on the right-hand side varies with z. 

The solution corresponding to Eq. (C.5), which yields gauge KK modes that are mostly 
W tR , is given by 

C£* = 0, C%* = -V2G t ttm0 G (L 1 ,v), Cf « = Cj. (C.ll) 

The corresponding full profile Fi R (m, z;v) T FiR and its normalization condition are given 
by replacing W L -»• W R in Eq. (CIO) and (C.9). 
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C.1.2 Neutral gauge bosons 

There are five neutral gauge boson degrees of freedom: W 3l , B, X, A 3 , and A 4 . Their 
TeV-brane boundary conditions are, 



0*1 



m n ,z;v 



m n ,z\v\ 



z=L\ 
z=L\ 
z=L\ 



cos Owfix ( mn ' z; u ) + sin OwfvP {m n , z; v) 



f^ n \m n ,z;v) 



z=L\ 



= o, 

= d z 
= d z 
fi n \m n ,z;v) 



cos 9wfjj ( m «> z ; w ) ~ sin e wfT R 



m n , 2: u 



z=L\ 
z=L\ 



0, 



= 0, 
= 0, 

(C.12) 



which we use to solve for the coefficients C^ L , Cb, Cx, C§, and [56]. 

The A 4 boson does not mix with any other bosons via EWSB; as such, its profile after 
EWSB is simply 



Fj(m,2i;v) = h(m,z;v) = f^(m,z',0) = CiS A {m,z). 



(C.13) 



The single coefficient C| is then determined by applying a normalization condition analo- 
gous to Eq. (C.9). 

Setting the determinant of the remaining system of equations to zero, we obtain three 
conditions, one of which must be satisfied for there to be a mass eigenstate: 

C' A {m n , Li) = 0, or (C.14) 
S' A (m n ,Li) = 0, or (C.15) 
2C' A (m n , L\) SA(m n , L\) + m n kL\ sec 2 6w sin 2 0g(Li, v) = 0. (C.16) 

The solutions m n of Eqs. (C.14) and (C.15) correspond to the masses of the photon and X 
boson KK modes, respectively; both are the same as the original V and X masses before 
EWSB. In particular, the zero-mode photon remains massless, as it should. The solutions 
m n of Eq. (C.16) correspond to the masses of both the Z and A 3 KK modes — compared 
to the corresponding masses before EWSB, these mass eigenvalues are shifted by a small 
amount as illustrated in Fig. 1. Again, note that for v — > 0, the left-hand side of Eq. (C.16) 
simplifies to the product of the left-hand sides of the original mass conditions for Z and 

aK 

These three sets of solutions for the mass eigenvalues correspond to three sets of solu- 
tions for the coefficients Cq. The solution corresponding to Eq. (C.14), which yields the 
photon KK modes, is given by 



C% L = C b taxi 9w, 



Cb, 



0. 



(C.17) 



where as usual the superscript V identifies this coefficient set. Notice in particular that the 
photon KK modes remain the usual mixtures of W 3l and B and are unaffected by EWSB; 
as a result, the photon mass eigenstate profiles are given by 



Fv{m, z; v) = cos^iy/s ( m , z; v) + sin 9wfs r ( m ; v )- 



(C.18) 
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The solution corresponding to Eq. (C.15), which yields gauge KK modes that are 
mostly X, is given by 

C*=Cf = 0, C$ = V2C§ sin H tan G (Li, v), C x = C§. (C.19) 

When these coefficients are substituted into the profiles f^ L {m, z; v), /x(m, z\ v), /b(?™> z; v) 
and f§(m, z; v), all four of the profiles are non-zero; however, the linear combination 

f v (m,z;v) = sm6 w f 3L (m,z;v) + cos O w f B (m, z; v), (C.20) 

corresponding to the photon, vanishes. This means that EWSB does not mix the photon 
KK modes into X. The full X mass eigenstate profile can then be written in the same 
form as Eq. (C.10), weighted by the appropriate generators, as 

F x (m, z; v) T Fx = f x T z + /* (m, z; v)T x + /f (m, z\ v)T\ (C.21) 

where the superscript X on the profiles indicates that the relevant coefficients have been 
replaced by those in Eq. (C.19) and we define 

fz(m,z;v) = cos8 w f3 L (m,z;v) - sin0 w f B (m,z;v), (C.22) 

with T z being the corresponding generator. 

The solution corresponding to Eq. (C.16), which yields gauge KK modes that are 
mostly Z or A 3 , is given by 



-<z = r z a = n ^(^n, Li) [l - cos 2 6 H + (l + cos 2 6 H ) cos 2 fl G (Li, v)] 
/B ~ 3lC ° S H ~ X C A {m n M) sin^ll + cos 2 ^)^^^ 2 ^^!^)] ' 

•yZ p r z V^Cx 

' x X ' 3 sin^tan^ G (Li,v)" 1 



When these coefficients are substituted into the profiles f^ L {m, z; v), fx(m-, Z] v), fBim, z; v) 
and f 3(171, z;v), the linear combination corresponding to the photon again vanishes. The 
Z and A s mass eigenstate profiles, weighted by their associated generators, are then given 
by 

F z (m, z; v) T Fz = /| (m, z; v)T z + f z (m, z; v)T x + f? (m, z; v)T\ (C.24) 

where the superscript Z on the profiles indicates that the relevant coefficients have been 
replaced by those in Eq. (C.23). In all cases, the last overall coefficient in the profiles is 
determined by a normalization condition analogous to Eq. (C.9). 

C.2 Fermions 

The mixing of the fermions after EWSB is implemented analogously to that of the gauge 
bosons. The quarks and leptons are embedded into SO(5) multiplets in the same way; 
we thus use generic notation for both sectors. This is valid in the absence of Majorana 
boundary masses for the neutrinos, which we are in any case ignoring. 



- 38 - 



The fermions of a single quark [Eq. (2.21)] or lepton [Eq. (2.22)] generation can be 
written in the spinorial representation of SO (5) according to, 



L 



/Vij- +)§ \ 

*\(- +)§ 

A h (+>+)§ 
+)§ 



?2 R 



/xL (-,+){ 
*L(->+)§ 
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(C.25) 



for the quarks of generation i, and analogously for the leptons. The corresponding 5D 
profiles are then given by, 



f lL (m n ,z;0) 



( C 1 S+(m n ,z)\ 
C 2 S+(m n ,z) 
C 3 S-(m n ,z) 
C±S~^{m n ,z) 

\C 5 S+(m n ,z) J 



f2 R (m n ,z;0) 



( CeS~(m n ,z) 
C 7 S~(m n ,z) 
C 8 S~ 2 (m n ,z) 
C 9 S~ 2 (m n ,z) 

\ Cio S+ (m, 



\ 



/3 fl K,z;0) 







z)\ 


C12 S~ 




*) 


Ci 3 




z) 


C14 5 1 " 




z) 


C15 5 1 " 




z) 


Ci6 5"~ 




z) 






z) 




[m n 


z) 


C19 


[m n 


z) 


Vc 20 5+ 


[m n 


z)J 



(C.26) 



where and S 1 ^ are the fermion basis functions defined in Eqs. (2.27-2.28) [33, 39, 56]. 
The fermions of opposite chirality can be read from these by replacing 5^ «-)■ S^. 

The SO (5) generators for the spinorial representation are obtained from those given 
in Appendix A through a change of basis. The gauge transformation that "turns on" the 
Higgs vev then takes the form [33, 38], 



fi L {m n ,z;v) 
f2 R (m n ,z;v) 
h R {m n ,z;v) 



An(z,v)A- 1 f lL {m n ,z;0), 
AQ{z,v)A- 1 f 2R (m n ,z;0), 
Bn(z,v)B- l f 3R (m n ,z;0), 



(C.27) 



where the T 4 generator in £l(z, v) is in the 5-representation for the first two equations and 
the 10-representation for the third, and the change-of-basis matrices A and B are given 
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by [33, 38] 
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Performing this transformation, we obtain the following mixed profiles: 



f2 R (m n ,z;v) 



h R {m n ,z]v) 



( 



CiS+ 



cos 



CoS. 



sin 



sm 2 (<^ 



C 2 S+ + cos 



2 6, 



Cl 

c 3 s, 



<-l 



sm6 G C 5 S+ 
-^sm9 G C 5 S+ 



C 4 5, 



\ & S m6 G C 2 S+ + & sm9 G C 3 S~ + co S G C 5 S+ 



I 



c 6 s. 



cos 



sin 2 (^ 



C 7 S C2 

cv s~ 



sin 



+ cos z 
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§G 
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C2 

c$ s~ 
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^ sin0 G do S+ 
-&sw0 G C w S+ 



Cg S, 



w 9 ^ C2 

\ sm6 G C 7 S~ + ^ sin^ G C 8 S~ + cos0 G C l0 S+ ) 



cos 



2 (9a. 



cos 2 (f 



) C12 S C3 - 
J C13 S~ - 
cos8 G C14 5~ 



sin 




cos# G C n S~ + ^ sin# G (C 18 - C 15 ) 

sm0 G (Ci 



(C.29) 



Ci6 5 1 , 



C3 



sin 



2 "-""u -c 3 

-h& s - m G C n S~ + cos 2 (%) Cis 5, 
cos 2 (^ 

,2 



Ci6) 5 1 , 

sm'lf I 0'i2 tf" + j sin# G (Ci 9 - C 16 ) 5, 
^ sin^ G Ci 7 5- + ^ sin0 G C 20 S+ 



C3 



2 ^ 

Cig 5" 



C3 



sin 



2 ¥ C 18 5. 



c 3 



sin^G (C12 + Ci 3 ) 5, 



h/2 



2 sin^G C14 5 C3 + cos , 2 



Cn S c 



& sin^G Cn S~ + cos 2 Cis S- 



\ 



2 —-^-11-03 

sin% (Ci 2 + C 13 ) S, 
^ sin^G C14 S~ 



sin 



C3 



C 3 



sin 




('3 



Cl6 S'cg + cos 



C17 5 C3 + cos 




where we have dropped the (m n ,z) dependence of the basis functions and for 
compactness. In terms of this spinorial form, the fermion boundary conditions at the TeV 
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Charge 


2/3 


-1/3 


5/3 


Mixed quarks 


Ti 7^1 T,t T,n T,n 
*3; T S , Tg 




Xl) X3, S3, S 3 


Unmixed quark 




b 2 


X2 


lVT^m^ poriHitinym 

±V±(3jDD 

combined into 
single equation 


(*l,t 3 ), 
(ti,tl,t2, t 2 ,t 3 ) 




(Xl,X3) 


Mass eigenvalues 
unaffected by 
EWSB 


h, T 3 , T 3 


b 2 , B 3 


X2, S3, S3 



Table 6. Quark mixing induced by EWSB. Recall that, before EWSB, t\ L1 b\ L> t2 B , and B' 3 are 
the only quarks that have zero modes and correspond to the SM quarks of one generation. Lepton 
mixing is analogous. 

brane (z = L\) of Eq. (2.32) can be rewritten as 

fir' + M 2 fi^ = 0, f lL + M 2 fi R = 0, fi r A = 0, 

/ 3 1 ;- 4 -M 2 / 1 1 ;- 4 = o, f! L -M 1 f! L =o, / 3 5 ;- 10 = 0, (C.30) 

where the superscript denotes the appropriate row of the fermion multiplet [33, 38, 39]. As 
usual, the fermions of opposite chirality (fi R , fo L , and f 3h ) can be read from Eq. (C.29) 
by replacing Sf «-> Sf. 

A single generation of quarks contains ten fields with charge +2/3, five with charge 
—1/3, and five with charge +5/3. The mixing among these states after EWSB is summa- 
rized in Table 6. The fermion structure in the lepton sector is the same, but with charges 
0,-1, and +1, respectively. This mixing has a very small effect on the zero- mode electron 
profiles that enter our calculation of e + e~ —> ZH. Its main impact on our calculation is in- 
stead to affect the total widths of the neutral KK gauge bosons exchanged in the s-channel 
through its impact on the fermion couplings to gauge bosons. 

The post-EWSB fermion mass eigenstates are determined by applying the appropriate 
TeV-brane boundary conditions on Eq. (C.29) and solving the resulting system of equations 
for the coefficients Q. The mass eigenvalues are found by requiring that a solution for the 
coefficients exists, i.e., by setting the determinant of the system to zero. We summarize 
the details below for completeness. 

C.2.1 Up- type fermions 

Each up-type fermion of the SM is accompanied by nine additional 5D fields, all of which 
mix after EWSB. Imposing the TeV-brane boundary conditions on Eq. (C.29) allows a 
solution for the coefficients C 2 , C3, C5, C7, Cg, C10 C± 2 , C13, C\q, and C19. Requiring that 
a solution exists results in the mass conditions, one of which must be satisfied for there to 
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be a fermion mass eigenstate: 



0, or 



SZ = 0, or 



C3 



S+S-+MlS+S-=0, or 
M 



iS+S^S* (m%S cz S c1 + S Cl S C: ^j + S^ 2 S C2 ^M|5 C1 S'^5 C3 + 5 C1 S+,9 C3 ^ 
M 2 2 St 2 S~ A SZ 2 + M 2 (2M*S+S-S~ + 2S+S-S" - S^S")] (£:Li) 4 sin 2 9 G 



MfSZAkLif sin 4 G = 0, 



(C.31) 



where the functions for the 5D profiles are to be evaluated at z = L\ and 6q = 0q(Li,v). 
The last of these conditions contains the zero-mode solution. 

The first mass condition sets the masses of the two degenerate states that are mostly 
T3 and T3. It yields two coefficient sets, which we denote by p and a, 



r<P," _ rip," _ riP," _ riP," _ rip," _ nP," _ n 

Cff = Og = C13, C£f = C13 + Ci 9 , Cf 9 CT = C19. 



tanfl G ' ~ iy (C ' 32) 

Here we choose (C13, C19) = (0, 1), (1, 0) to obtain the two independent solutions p and <r, 
respectively. 

The second mass condition sets the mass of the state that is mostly £ 2 . It results in 
the coefficient set, 



Cr riT riT riT rn~ ri T 
2 — u 3 — u 5 — u 10 — < - y 12 — u 13 

Cj = —Cs, Cg = Cs, 



Cl6 — &19 ~~ 0' 



(C.33) 



which we denote by r. 

The third mass condition yields the masses of the states that are mostly t\ and £3. 
The resulting coefficient set is, 



C 2 — C2, 



Co; x-ycj 
16 — ~~ °19 



Ccj /^ycj >^fcj ri^ riw n 
3 — o 7 — o 8 — o 10 — u 13 — u, 

l - tanfl G Cft = % - M 2 tan0 G C 2 S ; 

2 2 «^C 3 



C- = ^tan^GC 2 , 



(C.34) 



which we will denote by us. 

Finally, the fourth mass condition yields the masses of the states that are mostly t±, 
ti, t 2 , t 2 , and £3. The resulting coefficient set, which we call u, is 



V 2 S C1 <9 C3 + M 2 S Cl S C3 



sin 2 6>g 



riu 

12 ~ 1 + cos 2 e G 



C^a = i tan6 G C^ = -i tan 9 G C^ 



C% = C 3 , 

1 M 2 C 3 (fcz) 4 sin 2 fl G 



2 S^S C3 + M^S^Scj 

1 9+ fl/f 9~ 9+ 



5, 



f'2 



M 2l 9 



(C.35) 
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In the end, the profiles of our original ten 5D up-type fermion fields have been re- 
expressed after EWSB in terms of five functions, which we can write schematically as 

2 2 2 2 2 

F M 3 L R , F£ L R , F£ L R , Fi 3 L R and F^ L R . The full profiles are defined by their action on an 
arbitrary matrix M (e.g., a gauge generator) according to 

*£f« M F a L ,n = E M fiL,iR . (C36) 

i=l 

where a denotes the appropriate coefficient solution. The profiles are normalized according 
to 

/dz ^ 
JF^f E fiL,iR = !> (C.37) 

where all profiles are evaluated at the same mass eigenvalue. The notation ff indicates 
the vector /j with its coefficients evaluated according to coefficient set a (any coefficients 
not explicitly defined by the solution are set to zero) . 

The 4D coupling between the mass eigenstates of a gauge boson G and two fermions 
a and b therefore takes the form, 

9Gab = 95 / j^^fi^ iR (m n ,z]v)T a fC(m n ,z-,v)tf LAR (m n ,z-,v). (C.38) 
C.2.2 Down-type fermions 

Each down-type fermion of the SM is accompanied by four additional 5D fields; one of 
the new fields remains unmixed after EWSB while the other four down-type states mix 
with each other. Imposing the TeV-brane boundary conditions again allows a solution for 
the coefficients C4, Cu, Cyj and C20 (The coefficient Cg, corresponding to the unmixed 
down- type fermion 62 , is set by the profile normalization condition; the masses of the 
corresponding fermion's KK modes are not affected by EWSB.) 

Requiring that a coefficient solution exist results in the following mass conditions, one 
of which must be satisfied for there to be a fermion mass eigenstate: 

S~ = 0, or (C.39) 
2 S+ (M| S- S- + S~ S~) - (kLi) 4 M% S- sm 2 9 G = 0. (C.40) 

The second of these conditions contains the zero-mode solution. 

The first mass condition sets the mass of the state that is mostly B%. It yields the 
coefficient set, 

C% = C% = 0, ^ 4 = ^tan0 G Ci7, C V 17 = C 17 , (C.41) 
which we denote by 77. 
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The second mass condition sets the masses of the states that are mostly b±, 63, and 
-B3. It results in the coefficient set, 

d S^ 3 , _ 

which we denote by d. 

In the end, the profiles of our original five 5D down-type fermion fields have been 

re-expressed after EWSB in terms of three functions, which we can write schematically as 

_i _i _i 

F d 3 R , F Vl 3 r and . The full profiles are defined by Eq. (C.36), where a = <i, 77, 62- 

C.2.3 Exotic fermions 

The fermion sector also contains five exotic 5D quarks (with Q = 5/3) and five exotic 5D 
leptons (with Q = 1) per generation. We discuss here the quark sector; all details carry 
over to the lepton sector. One of these exotic fermions remains unaffected by EWSB, while 
the remaining four mix with each other. Imposing the TeV-brane boundary conditions 
again allows a solution for the coefficients C\, Cn, C15 and Ci$. (The coefficient Cq, cor- 
responding to the unmixed exotic fermion X2, is set by the profile normalization condition; 
the masses of the corresponding fermion's KK modes are not affected by EWSB.) 

Requiring that a coefficient solution exist results in the following mass conditions, one 
of which must be satisfied for there to be a fermion mass eigenstate: 



-2 

S+S-+MiS+S-=0. (CAS) 

The first mass condition sets the masses of the two degenerate states that are mostly 
H3 and H' 3 . It yields two coefficient sets, which we denote by a and f3, 

C g = 0, Cg = ^ tan 6 G (C15 - C 18 ) , 

eg = C15, Cg = C 18 . (C.44) 

Here we choose (C15, C\%) = (0, 1), (1, 0) to obtain the two independent solutions a and f3, 
respectively. 

The second mass condition yields the masses of the states that are mostly xi and X3- 
The resulting coefficient set is, 

CI = C n ^ 0, = Cn, ej 5 = -CI, = ^ tan% C n , (CAB) 

which we denote by 7. 

In the end, the profiles of our original five 5D exotic fermion fields have been re- 
expressed after EWSB in terms of four functions, which we can write schematically as 

5555 

Fa L R , Fg , F 3 L R and F£ 2L R . The full profiles are again defined by Eq. (C.36), where 
a = a,/3,7,X2- 



S~ 2 = 0, or 
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D Interaction vertices 



In the following we summarize the relevant vertices for our calculation. We quote the cou- 
plings with respect to the 4D fields; these couplings therefore contain the fifth-dimensional 
profiles of the associated particles. The 4D couplings among specific KK modes can be 
found by integrating these expressions over the fifth dimension. The 5D couplings can be 
read off by dropping the fifth-dimensional profiles. 

The Feynman rule for triple-gauge-boson vertices takes the form, 



r&>( n \n( m h n \r®( n \ ° G ^ G ^ 95 

^lfliPV^u {P2) G 3\(P3) ->• Y Z ~g~ 



^ x (P3-pir+v" u (pi-P2Y 



P (m) . 



r(0. 



(D.l) 



where we take all particle momenta to be incoming. The couplings Cg 1 g 2 g 3 are given by 



Czw+w~ = ^9 z cos 9w, Czw T 



-ig z sin W , C ZA ± A ^ = -g z cos 29 w , 



C 



gz 



ZA 3 A 4 



n 1 n _ 9x 

-WX, ^XA±AT ~ -7)9X, ^XA^A 1 



2 ' 



W^A ± A i ~ ^2 3, 



(D.2) 



where gz and gx were given in Eqs. (3.3) and (3.9), respectively. 

The Feynman rules for the gauge-gauge-Higgs vertices involving Z or X arise from 
quadruple-gauge interactions involving the fifth components of two A 4 bosons, with one of 
them replaced by the Higgs vev: 



Z (n) z ( m)H ^^ 9 j V [f H{z )f $Xz)fr\z) ^, 

X (n) z ( m ) H ^^ 9 jv[f H (z)ffP(z)ft\z)r,^, 

X (n) x (m) H l Ajj v[fH{z) f f p {z)f ^) {z) ^. 



(D.3) 



Feynman rules for gauge-gauge-Higgs vertices involving one A a gauge KK mode arise 
from the 5D triple gauge vertex: 



(m) . 



d 



J A m \z)}f£\z)}, 



(DA) 



where G = Z , X , or W L R , a = +, — , or 3, and the couplings are 



C ZA*H ~ 9Z, C XA'iH ~ 9X, 



W,ATH 



'^W^ATH 



9- 



(D.5) 



Note that, in the absence of EWSB-induced mixing, the corresponding 4D couplings in- 
volving zero-modes of Z or W L will be zero after integration over z. This is because 
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Table 7. Quantum numbers of the fermions that couple to Z and X. The fermion L, R subscripts 
have been suppressed. The exotic fermions are defined in Eq. (2.21). 



d z fg\z) = (flat profile) and f^d z f^\z)dz = f { f ] {Li) - f { ™\L c 
boundary conditions on both branes). 

The Feynman rules for gauge-gauge-fermion vertices are 



9z 


95 


(kz) 4 


9 


ax 


55 


(kz) 4 


9 




Jl3, 


(kz) 4 





w 7m> 



Q - T 3l ) sin 2 v w 



cos^ t>w 



cos 26\v 



(Dirichlet 



7m > 



(D.6) 



where Q = T 3l + Y is the electric charge operator in units of e, and we have defined 



(D.7) 



for fermions in the 5 and 10 representations of SO(5), respectively. The relevant generators 
in the 5 and 10 representations were given in Appendix A and the basis transformation 
matrices A and B were defined in Eq. (C.28). The relevant quantum numbers of the 
fermions that couple to Z, X and are summarized in Tables 7 and 8. 



E Gauge boson decay widths 

In this section we summarize the formulas for the decay widths of gauge KK modes to 
pairs of fermions or gauge bosons, to a gauge boson plus a Higgs boson, and to pairs of 
gauge bosons. In the following, all coupling constants and 5D integral factors from the 
interaction vertices will be expressed as overall couplings C i ' . Note that after EWSB- 
induced particle mixing is implemented, the coupling constants and 5D integrals cannot 
be separated. The relevant couplings are given in Appendix D. 
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Lepton pair Quark pair T 3 

mK n 3V3 + h.c. t 3 % f 3 t 3 + h.c. ^ 

%^3, N3V3 + h.c. ? 3 T 3 , T^ 3 + h.c. ^ 

44, 4^3 + h.c. b 3 B> 3 , b 3 B 3 + h.c. -f 

K 3 -fT 3 , K 3 i^ 3 + h.c. X3S3, X3^ 3 + h.c. I 

+ h.c. Mi, ? 2 *2 + h.c. -5 

mm, mm + h.c. hh + h.c. | 



Table 8. Quantum numbers of the fermions that couple to A 3 . The fermion L, R subscripts have 
been suppressed. The exotic fermions are defined in Eq. (2.21). 



The decay width for a gauge boson G of mass Mq to two fermions of mass m\ and m 2 
is given by 



\ l l 2 {M 2 ,m 2 



48irM G 



{ 



JPhfr) + \ /3(M 2 ,m 2 ,m 2 ) 

+ 12C^ ffl C§ fr M^ mi m 2 ] , (E.l) 
where C^'/L are the appropriate overall left- and right-handed couplings (including 5D 



'Gff 

integral factors), A is defined in Eq. (3.2), and 

(3(x, y, z) = 2x 2 — y 2 — z 2 — xy — xz + 2yz. 



(E.2) 



For Mq 2> mi,ni2, this decay width grows proportional to Mq. 

The decay width for a gauge boson G\ of mass M\ to a lighter gauge boson G2 of mass 
M 2 and a Higgs boson is given by 

{M 2 + M 2 - M 2 H y~ 



r(Gi -> G 2 H) 



\ X I 2 {M 2 ,M 2 ,M 
487rMf 



CG1G2H 



2 + 



4M 2 M 2 



(E.3) 



where Mh is the mass of the Higgs boson and Cq 1 q 2 h is the appropriate coupling of the 
two gauge bosons to the Higgs. For M\ ^> M 2 , this decay width grows proportional to Mi. 

The decay width for a gauge boson G\ of mass M\ to two other gauge bosons G 2 and 
G 3 with masses M 2 and M3, respectively, is given by 



r(Gi 



G 2 G 3 ) 



A 1 / 2 (M f ,M 2 ,M 2 ) 



C Gi g 2 g 3 N(M u M 2 ,M 3 



48ttM? 

where Cg 1 G2G3 is the appropriate coupling and iV is a kinematic function, 
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4 \y 2 z 2 x 2 z 2 x 2 y 2 



9 /yV 
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x 2 y 2 



(E.5) 



For Mi » M 2 ~ M3, this decay width grows proportional to M-f/MfM 2 . 
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